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PREFATORY NOTE 


Tiii 9 U80 of complex quantities, i.e«, quantities part real 
aiul part imaginary, in tlie theory of alternating currents 
has been greatly developed by Dr, Charles P. Steinmet/. 
in his work on Altoi^nating Current Phenomena,” It 
woiiUi bo dillieult to determine the iullueiuse which earli<jr 
writers, from the time of Caspar Wcssel down to Steiuinetz^s 
dajq have liad in laying the foundation on wliicli Stcin- 
nu^tz has built. It is, however, fair to miy that tlio greiit 
advance in tlio use of vector methods, both algebraic and 
geometric, due to Dr. Steiumet/i, justifies us in calling 
their application to alternating current phenomena Stein- 
mot/Zs Method. 

lOarlier writers used complex quantiti<m to roprosont 
quantities Hlgel)raically. Di\ SteinmetK oxtoiuhul tlio 
njiplication bo uh to im^ludo harmonic <piautities. As 
mmi}^ writers mi (^hadvrical subjects are prone to confuse 
via^tor and liarmonic (puiutitieH, the author thinks it 
u(H^(vsHary to distinguish these two uses of (complex (ju an- 
tities, and for that purpose he starts with ilie vector use 
and latiu’ takes up the harmonic nm. In addition, sub- 
trjudion and certain cases of multiplication ami division, 
coi’ree^t results urc^ obtained by tj’oatiiig liarmonic quantities 
as v(u?tor quantities; but in other oases of multiplication 
(siH^h as nniltii)li({ution of o.m,f. and ciuTent to obtain 
power) and division (such as dividing power by o.m.f. 
to got current) iuoorroefc results are obtaimal unlesH arbi- 
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trary rules of multiplication and division nro introdiKiotl. 
It tliez'eforo is necessaiy thoroughly to oxaniino tlio fiiiidn- 
inentals of those uses of complex quantities, and to 
deduce the laws of addition, subtraction, niuIti|>li(!ation, 
and division, as applicaWo to vector quantiticis and to 
harniojiic quantities whether sinqilo (electi'omotivo force 
and current) or compound (power), and also to siudi non- 
harmonic quantities as resistance, caizacity, induetaiuM), 
etc., in connection with liarinonic quantities, 

Ihcrc are two methods employed l)_y electricians using 
the coinplox quajitity notation. The older method iluo td 
Dr. SteinmetK is cxpre.ssod in graphical foimi by the wave 
diaguim. IJio other inzithod us(!.s tiu' siz-calhsl (S'eafe 
diagram. In both niethods eounter-zilocicwi.se rzttatums ar<t 
used, tliougli tJie formuhe have led some por.sons to think 
that Dr. Steinmets lias used chaskwiso rotatioii.s. It is 
true that tJio imaginary terms in the resulting formtilai 
have ()pi)()sito signs. In reading Dr. Steinmoti'/H works no 
confusion need result for one aciiustomed to tlm <u'auk 
diagram method if the differences are kept in miml. It 
has seemed to tho author that the crank diagram imdhod 
suits liis purpose bettor, and cojiseziuently it will be usezl 
m tliis book. 
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REVOLVING VECTORS 


OHAVTEll I 

rotary power of roots of minus one 

S 1. Reforo tho yciw 1797 algebraic expressions were 
iiHod to roprosoufc magnitudes onlj', l)ut in that year 
a Danish surveyor, Caspar Wcssel, presented a memoir o 
the Royal Academy of Sciences and Letters of Dcnmaik, 
entitled "On the Analytical lleproscntation of Direction . 
Wessol's memoir laid the foundation for vector anajdsis, 
for tlui theory of functions of a complex variable, and lor 
Hteinmetsi’s method for alternatin^urront phenomena. 
In this paper Wessel introduced V-l as the sign of per- 
..ml ..»k 1 tl.o Mtcr * to 

} or 7 for Ho showed how a quantity might bo 

represented both in magnitude and direction by an "Igebmc 
exnression. and made it clear that ho used Iho ngn of per- 

but ratlier us an operator functioning to rotate the mag 

• Oia Diwklioncns analytisko llotogninK ot ForBttg 

m piano 7 in Fronch 

1-™. A. A. A. S., .«.7, Vol. 

XLVI, p. 33. 
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nitudo for wliioh the rcKfc f»f tlio iilg(d.niU! quantity wtood, 
tlirougli an angle of 90®. 

Until the diaeovory by AVcaaol of the nao of v-l iia 
the sign of perpendicularity, this symbol wIumi o(!(iurrmg 
in a problem had always be(!n taken as a sign indieuting 
the impossibility of the probhmi, just m mv. w.v.mUnmd 
to view the answer olrtained as absurd if, for example, Ave 
arc required to divide sevtm appi(!s into piles liaviug ten 
apples in each. In early ages minus (|ua.utitms AVtu'e uu- 
knoAvn, and solutions involving the indication (if a minus 
quantity wore taken to indicate an impossibility. We 
now think it fair to hold our minds open to some noAV 
meaning to bo assigned to symbols Avliich fotineily AV(.ie 
meaningless it not absurd. 

Wcssol's memoir mot the same fato as many olliers 
Avritten in advance of their time, such as (Ireens essay in 
Avhich the potential function Avas christened, and (liblis’s. 
essays in Avhich the foundation of the thermodynamics of 
the voltaic cell was laid; for Wessel’s jiaper was imt to 
sleep in the printed memoirs of the Academy, its slumber 
not to bo disturliod until long yearn after, Avhon Wessel’s 
ideas had been rediscovered by other men such as Aigand, 
Gauss, Cauchy, KranQuis, and Gergonne. 

§ 2. To siiiow hoAV little prepared the inatheinatleal 

world was for Wcssel’s use of V- 1, it is interesting t(v 
find that Cauchy ^ as late as IS'M said: 

“Every imaginary o(iuation is naught else than the 
.symbolic representation of Iwo o(]uations botAveeii real 
quantities. The employment of imaginary expressions 
by permitting us to roiilace tAVO eciuations by a single 
one, often offers the means of simplifying euleulations 
and of Avriting in abridged form (piito complieated re- 
sults. Suck indeed is the principal motive for coii- 

' Cmichy, ExorciBO il'analyso ot do physhiuo nmlhoinatiiino, Toma 
III, p. 381. 
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tinning ouv use of tlieso expressions, which tulccti liloHilly 
and inter'jn'clcd uccordiwj lo genevally eslahlishcd con- 
vcnlions signify nolhiny and ave wilhoul sense. 

Professor Burfigo of Prague says in tivo introduction to 
liis boolc on “Tiio Theory of Functions of a Complex Vari- 
able”! : 

“ Tlio work of doMoivre, Bernoulli, the two Fagnanos, 
d'Aloinliert, If-uler, and otliers was, on tlie whole, looked 
upon more as scientific foolery (Spielereieii fiir^ lilese 
Curioaa), and that it was entitled to appreciation of 
worth only in proportion as it lent useful means to 
help in other investigations.'’ 

§ 3. To prepare for a meaning to an oven root of a 
negative quantity, it may lie useful to consider how a 
negative quantity was transferred from the alisuril and 
iiniiossiblo to the category of real and possible quantities. 
Wo are all in agreement that no quantity, in the strict 
sense, can be a quantity at all if its magnitude is less than 
zero. How are we then to understand the negative sign, 
if a negative quantity is to have real meaning.^ i he 
solution of the pusizlo is illustrated l>y means of suiih r 
)>rob1em as this: The point A is five miles east (if B, tk 
point 0 is ten miles east of B. How many miles is A oi 
of C? The result is-f) miles. The old interpretation > 
the result is that the answer is absurd, for A is not eas 
of C at all. The modern iutepretation is that the ansv 
is not absurd and that the -fi miles is to be un(lerst() 
us f) miles west. Or put in another way, the negative sig 
is not to be understood us comiielling us to consukir . 
distance less than nothing, but simply that the minus 
sign is an operator which functions to change our east- 
ward HcnsQ of countiug into the opposite or westward. 

‘UuvfiKo, “Theorio dor Fuiiktionon oiiasr coiniilexou verilmlev- 
liclion CirOBHO,” p. 2. 
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Wo may then oonmder (.luit wJiat Iimm Ixhui hiktm uh nuiltl- 
plication —1 is not really nuilU])li(!nl;ion at all, but 
merely the use of nil oiionitor (riiniiiig an cuHtward throu/ih 
180° into a westward sense of couiitin/i;, 

§ 4. In an analogous way, let us (loiisider wliut would 
happen if an operator could be found wliicli on bcung 
applied to eastward sense would chang(^ it to noi’tlnviu'd 
and on being applied a second tinu^ would (duuig<^ north- 
ward to westward, ami so on with successive^ applications 
of this operator, changing westward to southward, and south- 
ward to oastAvarcl, That V — 1 . is such an operator was 
discovered by Wossc^l, and as before DKUithuKxl, 1)0 (Xilhul 
it Ihe mpi of ]wr]}(mdicul( 0 'ilf/j for lie fouml that V— 1. 
used twice would (juuse a nnmrsnl of direction or a rotation 
of 180°; and what was more natural tliuu to assunio that 
one application woiihl inodiu^o a rotutinii of <)()‘» ? 'J'o 
avoid ambiguity between the two senH<»s in a plam^ through 
which the 180° rotjitiou to pnulmx^ a r<w(U'sal might he 
taken, we may agreuj to (consider tla^ rotation to take placo 
coiiiitor-clockwise. AVe thus have 

V— i .lOast^-’North, 

lOnst- V- 1 North 

1 N'ortli 

«V'“* I W((.Ht'' oSmitl 

V^V^I\/^1V~1. 1 Noi'tji 

'-•’V-iv'- J. W(!Ht« \/~ I Houth hltmfc. 

To abvltlgo fcho notation, but not eoniiironiiHing ou 
attitude!, wo may writci; 

( V— i)'i East =< (\/ ~ :i Noi'tli 

“ (VTI 1)2 WoHt Soutli East. 
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§ 5. Althougli Incontradictory complication has resulted 
from the use of V - i as a 90° rotator, the reader may have 
grave doubts of tire safety of using it in all cases as AYcssel's 
sign of perpeiidicularity. His confidence may be increased 
ly showing that analogous assumptions of rotary powers 
gwen to other roots of -1, ^ ft-oe from contradictions! 
To this end let us examine ^-1, which we should expect 
to lie endowed with the ability to rotate through 00° 
as three api>hcations, as an algebraic viuUi'pUer, would be 
ccpiivalent to multiplying by -1. How about it as an 
operator? Let us nssiune that 


or 


a-'*-|-l = 0. 

Ihis equation has three roots, as follows: 

Assuming that ■^-1 may be used as an operator to 
an eastward direction as before, wo have three results: 


i)V 


1 Hast = - 1 ;|ilast = West, 


V I East - (J - A a/F \/T rj) Rhat = i East -|- South, 

•From Fig. 1 it is evident that the first result produces 
a rotation of fi0°_ without change in magnitude, for the 
sine of 00° is and the cosine is The second result 
IB a rotation of 180°, siinjily changing eastward into west- 
ward. I ho third result is either a backward rotation of 
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60° or a forward (conniior-(;lo(5lvwiHi>) rotation of llOi] 
iUI on boiiig ropontod for tli(i tliii’d tinio produ(!(< n^vriYia 
of dirootion; for thoy /‘;ivo ono-Iialf a, rotation, oik? an 
onodialf rotations, and two and oiu^-half rotations I'tv-ipoo 
ivcly, all being takon ns countor-ekadcwist^, 

To avoid confusion wo shall tako - 1 to \ ){) an op('ral( 
ondowod with the power of ])rodu(iing a rotation' of (i()' 



im)(!(U)d in a similar way to show Mini 
V- 1 imiy ))o iiHocl to pnxliioo ii roUtioJi ol' .liT’. ],(«(, 

I, 

i)r 

ar' l- l. -O. 

Thia oqimtiou hiiH four HolutioiiH, un foltow.s: 

a:- 
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Applying tliom Riioceasively to iin eastward direction 
\s boi'uL’o wo have tho four results, 

V — 1 .Mast -- i .East -h i N orth — Nortlioast , 

ov West -H J\/2 iNTortli == Northwest, 

ur WostH- jV2 South Southwest, 

East‘h J\^2 South — Southeast. 

Tlioy are equivfthnil; to rotations of 45°, 135°, 225° or 
315°, ami all on being repeated for tho fourth time pro- 
iliicje i’(?v(U'Hals (without or with extra eonipleto rotations). 

§ 7. In tho saino way all other roots of - I may be 
'.xuniinotl (for all are known), and in every ease those 
•ootH will 1)0 found to ))0 endowed with tlie property that 
oiieratovH they will prodiuse rotations which, on l)eing 
■cpcnittul to tlie nuinher of times indicated by tho index 
)f the root, will produce reversals. In geuorul for the 
*CK)t givuig smallest rotation 
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or indeed any number whatever, and wo fihall even 
use of it as a variable quaixtit}'^ in alternating c 
applications, 

§ 8. Let us consider two operators, able to p 
rotation through angles indicated by 0 and 0, 

— cos 0-Vi «in 

i? = cos 0H-J sin 0. 

Multipljdng them together, we got an operator A - 
yl,7?=^cos 0 cos 0—siu 0 sin 04-/(.sin 0 cos 0 Hhu)s 0 sii 
*^cos (tf +0) 4-/ sin (^4'*0). 

Tliis new operator lias the power of producing ( 
tion through the sum of the angles f-/4-0, It is 
remembered that — 1. 

If wo divide one by tlio other, wo obtain 

A _cos 0-\'j sin 0 
B "^cos 04- /sin 0 

cos 0 cos04-Hin Oa in 0 4- /(sin 0 cos 0- cos 0 1 
oos-^ 04'Hiu^ 0 

== cos (0 - 0) 4- / sin {0 — 0) , 

From which it appears that is an operator prot 

a rotation through the angle — 

In a similar way to the inulti])]it5atiou above, iL 
0 are equal, wo have 

20-\-j sin 20 f 
A^ >==' COH 8 19 4" / sin *60* 

or In general, 

yi^^^cosntf+/sinn6^*«(coH i^d'/sinfl)«. 
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If equals ISO^ or tt, we Iiavo 


=^eos ;r'-|-/Hin rc^ — 1, 


and 


n > 

A ^ — 1 . 

Erom tins follows the value of I given above, viz,, 


n/ 7 TT . ♦ TT 

V — 1 « eoH — 4*7 mil — . 

11 71 

The general value given above may )>e renuduM] in an 
analogoim manner, for if 7 a m any wJiolo number (positive 
or negative) or zero, wo have 


and 


cos (^2ni + l)iT 4*'/ sin -|- I)?r — .1, 
-4’/ sin ■ 


(27/?. 4 1)?: , “I 


This last expression, tliougli it app(?ars to have an 
inclofinitely great number of diiTeront valiK^s, in faett lias 
only n difforent values, if n is a whole number; for the 
yaluoH of tlio eosino and sine repeat after n dilfenmt values, 
it being evident tliat if vi^n^ 


(2a4 l)7r , , . (2?i-4".l)7r 

coH 1-7 sm i sin—. 

n n 71 )t 

If 

cos . . (2n+2a-\-T)7t 

('2rt-|-])n’, . . (2« | ])7r 

(jCS-i — — • — -7 Hin 

<??. '' ij f 


n 

n= COS - 


and so on. 


§ 9. If 71 is a fraction equal to wliicli may lie a projier 
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or improper fraction and positive or negative, botli p 
.and q being whole numbers, we shall have 

Jl 

^ OK , * » OK 

V — 1 — 7 V Bin 

V P 

for on raising this expression to the power p, wo ol)taiu 

qK~\-j sin(/7r. 

If q is an odd number j // tt— — 1, and if q is an 
even number — cos -l-L In both cascB miqK is 
zero. If q is negative the same result follows. 

§ 10, If n is a number which is iioither whole nor a 
proper or improper fraction, we may by the do(5triuo of 
limits have confidence in assuming that 1 will have 
a value between and ^-T, where r<n<.9, and 

r and s are whole numbers or fractions vci’y (dose to one 
another in value. 

As we may always find whole numbers or fractions, 
one larger and one smaller and dilYoront from n by amounts 
less than any assigned amount, in the limit wo may find 
the value of V •“ 1 with as high a degree of pi^ecision as 
desired. We may tJieroforo liavo coufidemee that ii may 
be a continuously varying quantity, say a fuimtion of the 
time, For example lot co be an angular velocity and i bo 
time. We may write the following cciuatiou: 

folj 7 , n , 

V — l=j — uoa Hin wi. 

This equation oxprasscs a vnnablc operulor wliioli 
functions to rotate any vector to wliieli it is apiJiod Avitli 
a connter-cloclcwisQ anRular velocity m. In tlie ease i " 
clockwise rotation, substituting -w for w. wo olitain 
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It should be had in mind that reversing the sign of 
an angle does not affect the cosine^ but does reverse tlio 
sine. 

§ 11. The formula) for rotating operators, as will bo 
shown in the next chapter, may be more eonvenienlly 
expressed as powers of the base e of tho Napierian system 
of logarithms, as follows ; 

sin cot. 


and 


(oi'-j sin wL 
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§ .12, It Urn l)(uni shown in ihn ]>rnviouM (tlinpUn' Unit 
pownrs oj’ roots of Uio inm^inury unit, V—1, or /, iniiy 
bo nsod to obtain an ojujrator wlindi (niii runotion to rota to 
a v(M:tor (juantity <*itli(M' thron^li a statod nn^U) or throu^b 
an an|»;lo inoroasin^ oontinnously with tho tiino, '.1 ’Ih'ho 
operators may l>o inorii convoniontly o.vprossod as imap;inary 
po\v(;rs of e, tho baso of tho Najhoriaii systoni of lon;ai'ithms, 
Tlio mathonnitioal formula) involved worn already ohl and 
well known in WossoPs day and uro to bo found in Junior's 
memoirs. 

If wo expand mi x an<l cos a* in powers of a we 
obtain; 


X 

- 1 H ■ iV ■ I'fl- H-i r i - 

li li i'i li h I'i 


X a: 


,>.6 , y 7 






, X‘ 


(ioa x= -j^-l-(5tc.-h(~ l)''j 


In 


■|•<‘te. 


It is ovideut that if fx is substituted for x wo sliall have 


I a 'r ^ 

— cos xi 'j sin a. 


12 
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Referring to Chapter I it is evident that the rotating 
operator may take any one of four equal forms: 

jn 12 

\/irx 5? = cos 0 -I- j sin , 

in case rotation is to take place through a definite anglo 
0\ or in case the rotation is to be continuous and a functiou 
of the time the four equal forms may bo written: 

'ITi — cos wt sin (otf 

in which t is the time and (o tho angular velocity, 

§ 13. If an operator consisting of tho sum of two operators 
which used singly would produce rotations equal in mag- 
nitude but opposite in sense, is used on a vector, the oper- 
ator reduces to a simple factor causing the vector to follow 
the law of simple harmonic motion. Tho expression for 
such an operator is: 

cos (Ol, 

a result Avhich might have boon obtained directly from 
Eulcr^s formula for tho cosine, 


cos 0 — 


2 ^ 



CHAPTEIl III 

POSITION OF A POINT IN A PLANE 

^ 14 Many applications of complex quantities with a 
vector meaning might bo made.^ It in Irolieved, however, 
that the following will suffice to illustrate their use. ^ 

The position of a point in a plane may bo dotornunoa 
by rectangular coordinates. Using as Imforo j for Wesse Is 
sign of perpendicularity, the position of the point i with 
reference to the point 0 taken ns the origin of coordinates 
as shown in Fig. 2, has the following expression: 


P ^ a + 



a being the horizontal and h the vortical projootion of the 
line of length p, connecting 0 and P. Wo have by geoniotry 
that p^=a^+l}^, a=poQiiO, and b'=^pm\0, Using polar 
coordinates, the equation bccoinos 

P=p cos 0+ip sin (?= (cos O+i sin 0)p. 


14 
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Using the notation of the last cliapter, we liavc 


P = (cos tf+y sin 0)p, 


WesseFs idea of the analytical representation of direc- 
tion has an illustration in each of the equal operators 
and cos<9 + jsin^. Each has a magnitude unit}'', and 
each may be considered to have the solo effect of specifying 
a direction differing by an angle 0 from the dii'cction (hori- 
zontal) taken as standard. It is permissible also, as j^ro- 
viously done, to consider and cos O-Vj sin 0 as operators 
functioning to turn p from a horizontal position to that 
indicated in the figure. The whole expression for P, 

P=a-\-jh=e^^p— (cos sin 0)p^ 

has both magnitude and direction expressed, the first form, 
a+yt, expressing by a both magnitude and horizontal 
direction and by 6 both magnitnde and horizontal direction, 
the hitter being rotated into a vortical dinMition l.)y the 
operation of j. In the later expressions the optu’ators, or 
analytical expressions of direction, and cos -by sin 
are expressed separately from the magnitude p whi(;li, if 
standing alone, would have been understood as a horizontal 
magnitude. 


UNIFORM CIRCULAR MOTION 

§ 16 . Another simple illustration may bo taken from 
uniform circular motion, one of the simplest motions Jiiet 
with in pliysie.s and which wo slxall use later in (ioiUKJction 
with harmonic quantities. 

First let us consider the position of a point moving 
about the circumforonco of a cirde. Let the radius of the 
circle be R and the angular position of tlio radius bo exiiressod 
in terms of angular velocity o) and Oho time i olapsod since 
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IIEVOLVINCI VECTOllS 
1 • Ini oTifl flivoctocl to tlxo ri|^lxt 

nates. We have then 

p„gj<oi7i= (cos w(-|"J wxi iot)R> 

u iu (loHlriiblo to talco as origin any 
If for any reason ■ inoasuro 

horizontal, wo would have 

-0) -1-1 sin (wt— a— 


3 ^^11 — (I — 


(o)t’ 



The i„l,ro<h,etta 0. ... rtom 

epoch m introduces no real ddliculLy, thougu 

plicates tho expression. _ ]3vid()ntl; 

Consider now tho velocity F of t-fw P"” ^ 

..... t,lio earlier oxpreHHiou loi . 


y=,(l^»ej«,eW<=xo(cosLM-|) -l-J Hin(<cM-|))« 
(It \ ' 

^ ("1+i) (oR=‘ ^cos^£/jM-|^ -1- J sin^wM-^^y'jJ'* * 



UNIFORM CIRCULAR MOTION 17 

This shows that the magnitude of the velocity is wR, 

and the phase 90° or ^ ahead of the phase of P, both well- 

known facts of uniform circular motion. As the last trans- 
formation may have difficulties for some readers, it is 
well to note that, as given earlier, 

} It =£#'"*, 

and if cot equals ~, this equation reduces to 

therefore 

It is also of advantage in differentiating cos wi-f-J sin wi 
not to change from cosine to sine and vi(!o vesrsa, Init 

rather to advance the phase by whicli comes to the 

same thing. Changing from cosine to sine and vi(!o versa 
in differentiating harmonic quantities (jonceals the change 
of phase from immediate notice, and a clear understanding 
of phase relations is desiralde. 

If the origin of coordinates is not at the center of tlie 
circle and if there is an epoch angle in the expression, the 
second expression for P, 

a-ji>==(co.s (ojt~0) -b/ sin(wt — 

loads to a value of V, 

at 

= ^cofl^wM-— (f^ +J sin^wM- 
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, V- , 4 in imiforin circular motion la as 

The acceleration A 

follows: 


llOWH. 

dl 


for the simple case, and 

H-C- (»1 -I-”-") ' 

« >1 . r J 


■ IumI caHO. ^‘"■‘””1''^ 

!:« ra™np.«l^^ 


^rECT OF DAmro.SPmAE MOTIOE 


5 ,c. MO.UO, ,r;7i: 
ncntial apiral wl»a‘ '.yiii follow if it” 
liorisoiital mm'” I”*'' . „,. xho oilwilMi tor 

ta ,r,,M£ I » M'-™. *' 


p ^ gQ‘->-«)ni ■= (cos ml -1- J "*• 


• „ 7.V""‘ is the magnitude of tlio distano 

In tins expression J..e _ cos wH- / Hin wl, ia Hu) ano 

from the origin, and e . . tu,, Une from 0 t 

n=sJ^"oetto,^ 

of the pendulum, 


« 


y [^ co8(cuM-|) -hj 8in(iaM-|)) 

- (cos ml + 3 Bin w() n 1 7«! e“ (3 w ■“ 




a 


Hin (h ^ 


a 


and 


0) 
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Tho expression for V then may bo rewritten 
7= 'l-J sin^wl 


\ 



Tho accoleration A l)0(5()nu^8 

/l-[0O8 wM-7r-|-2</0 -l-j Bin (wM-7r-|-2(/))]/i!(«2+w2)5-«( 

Those equations show that tho phaso of tho velocity 
of a damped circular pendular motion is -+<!> in advanco 
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of the phase of the position of the pciuluhim, i.e,, (/> more 
than a quadrant: and tlie plinse of the acecileratiou is in 
advance of that of the velocity an ccpial amount. Tlio 
acceleration is not directed toward tlie center, as is the 
case in uniform circular motion, but is in advance of a 
line drawn to the center by an angle 2(/i. 

The real part of the above expressions is a25plicabIo to 
simple pendular motion (in a vortical plane) or to the 
movement of a ballistic galvanometer with dami)ing of 
moderate magnitude, and analogous oxprofl.sions apply to 
the charge and current in the case of the oscillatory dis- 
charge of a condenser in an inductive circuit. 

The origin need not be taken at tins center of tlio Hjiii'al, 
and there may lie an cpocii angle if for any i-easoii it is 
considered dc.sirable not to take tho coordinates as a.ssnmod 
above. Tlio complications resulting are not troublosomo. 



CHAPTEU IV 


SIMPLE HARMONIC QUANTITIES 

§ 17. In the previoiiB cluiptcra we have uacd (H)niid()x 
quantities in connection with real vectoi's onl3^ In this 
cliaptei, we shall make use of vector oxijressions to ixjpro^ 
sent simple liarmonic quantities. 

In Chapter II the connection was sliown botwcHui a 
simple^ harmonic motion and a pair of cirtuilar luotions 
equal in magnitude hut with oppositely directed angular 
velocities. Algebraically this connection is ex^n'csscd by 
EuIer^s formula for the cosine. 


cos iol=^ 




As is well known, tho real parts of and e-J"'- aro 
identical and tho imaginary parts equal and opposite. 
We therefore liavo tho relation 


g— '/wi 

CO.S w/==— ^ ,=i.oal [g-/,o(]. 

It appears from this expression tliat instead of expressing 
the simple harmonic motion as tho sum of two oppositely 
directed uniform circular motions which are o(iual in mag- 
nitude, wo might equally well have considered tlie simple 
harmonic motion ns tho real part of a single uniform 
circular motion of twice tho magnitude of one of the pair 
anc 1 evolving either clockwise or couiitor-clockwiso as one 
may inefor. Ihis statement amounts to sa3dng that a 
simple harmonic motion is tlio projection of a uniform 

21 
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circular motion on tlio diameter of the circle, or a.s man 
writers say: simple harmonic motion is the aijpareri 
motion of a point in imifoi'in circular motion wlum viowe 
from a distant point in the i)lano of tlui motion. 


HARMONIC ELECTROMOTIVE FORCE 
§ 18 . Let us consider an olootromotivo force of the fori: 
e—J'J cos (ol, 

which may be considorod ns the real part of tlio expression 

E (cos (ol-l-i <ol)h\ 

This equation is roprosonted graiihically by OP, tho radiui 
of tho circle understood to !)o revolving comiter-clockwisi 
in tho figure (Fig, 5 ) . 


P 



A dot over or under a symliol will bo understood to 
mean that tho quantity ts analogous to a uniform circular 
motion, but no information is given with resjiect to the 
period or phase of tho variable. It must always bo liad 
in mind that only the real jiart of the conqilex expression 
is to 1)0 considered seriously. The otlier pait is to bo 
looked upon ns scaffolding about a building in process of 
erection, or tho sawdust in a liox of torpedoes, which need 
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not be confused with the building or the torpedoes tliom- 
selves, respectively, for the iniiiginnry symbol is a waj-tiiug 
that the associated term is to be disregarded. Torms in 
which / occurs as ah index must lie resolved into tlieir 
real and imaginary parts before the latter may bo tlis- 
regarded. 

No error M'ill bo made in adding or subtracting such 
expressions, for the real j)art of the sum or the diff(ir(mc,o 
of two complex quantities is the sum or the diffeixMuu! of 
the real j)avts only. Multiplication or division by, or 
differentiation with resjxxst to, any real quantity c.annot 
cause any confusion; for none of those procsesses can change 
a term from real to Imaginary or vice, verm. Hut multi- 
plication, or division by, or differentiation witli I’ospcuit to, 
any imaginary or comphix (piantity la apt to result in 
confusion unless (luito arbitrary rules ai'o used for tluiso 
operations. As a rule in the multiplication of two simple 
harmonic quantitie>s, wo may not use tiio wliole expr(!.ssion, 
but only the real parts. As an oxainjile, in obtaining the 
expression for power by multiplying current and e.m.f., 
we must use the real parts only. Power, as a rule, is not 
a simple harmonic quantity, but is a sum (or diffiu'once) 
of a constant and a simjilo harmonic (juantlty of double 
frequency. Dr, Steinmetii by using an arbitrary rule for 
such multiplication olvtains the (iveniije value of tlie pow(U'. 
As it may be shown that Dr. Steinmet'/-’s rule for ol)l;ainiug 
average power always leads to the riglit riisult, liis ruh; 
may bo used fearlessly in such cas<^s. 

§ 19. In representing harmoni(! e.urrent er e.m.f. hy 
moans of the analytical expression for a rovolving vector, 
it was assumed above that the projection, represented liy 
the real part of the cxprcssioii, should lio the grapliical 
lopiesontation of the current or o.m.f. respectively, and 
therefore diagrams should bo drawn to the proper scale. 
For many purposes it will bo found more convenient to 
change the scale in sucli a way that the length of the revolving 
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vector sliall represent tiu) effective (square root of mean 
square) value which is indicated by an anmietor or volt- 
meter in tlie respective cases. Tliis value for .simple har- 
monic cases IS 4V2, about 0.71)7, times the niaximuin 
value. The analogous equation i.s as follow.s: 


E — s}‘“^V2E = (co.s (ul-\rj sin (ol) \^2E, 

if the value at any time t is to ho given by the projection. 
As it is^ only rarely that we desire to know instantaneous 
values, it is more u.suul to use the former expression 

E—e>‘“‘E=(cos sin mI)E, 


and understand by E the reading of the voltmeter, and 
in case instantaneous vatue.s are ever needed, to find them 
by multiplying tho real part of E at any instant by Va. 
The beginner must early nuuster tho difficulties introduced' 
or avoided by using or suppressing VJ in the formula) 
and be on his guard to avoid misuud()r.Htanding various 
writers. It inay bo said that, ns a rule, harmouio currents 
or electromotive forces are e.\pres.so(l in effective, valiK's 
wlnle Imrmoiiio magnetic fields are expresseil in maximum 
values. Power is as a rule expressed in amrtt{je. values, 
ihc reasons for these apparently arbitrary choices tho more 
advanced student htus probably already learned. We 
cannot take space hero to go into the matter further,' 
and must bo content with tho bare statomont. 


HARMONIC CURRENT, IMPEDANCE 

§ 20. If the current, as well ns tho oloctromotivo foi'ce, 
follows an harniomc law, and lags behind tho o.ni.f, bv 
wrfto^° represented by tho angle 0, wo may 

4=/ cos (wf— d), 



1 fyv R^^( )N K .! ( n iui{.i.;n 'I', 1 M i>h: I )a n( mo 


2 ") 

where I i'h tiio niaxiituiin value of i. If fclu^ oirciiili litiH a 
resiHtanee R aiul an iiidiKifaiKas h, and in iiof conipliaated 
by caparify or nuilaial iiidiic.l.a.u(;e, and ineludoa no inoi.ora 
or sources of e.iti.f., Oliiu’s law niodiCaHl for vaiyiiij^' <!uri'eiil,s 
gives 

r-/.’/ I /, 'I'b . A’coh (,)/. 
ill. 

Sidwtitiiliug tlx; value for !., as givaai abovui, in (,iai last 
equation, W{f obtain 

/'/ cos 11)1= ’ R f cos (tot- ■ 0 ) |- l,iol i‘iitt^iil -0 l 

If tliis e(iuation is true for any and all tiiiKis, it is evi- 
dent that 

E sin 0)1, di' I sin (tol ■()) \- tool sin - -fl l.y 

Prom tin's it folloAvs thal. the next eejuation is true, 

A’.-=(coh wM /siii w/.)/‘;->/» 7 (eos (w/. -fl) t/sin (lot -O)) 

+ h(ol^v.()H(^o)l- 0 \ I /siii^«d--W 

and reinoinbering tliat I, wo have by siniplo trans- 

foruiations 

/iJ''-(Al | jf‘/'afj)(eos (tol — O) \- j sin (o)l—l)))l‘ >s'“’'E, 
or 

E^ ■■(/(. \ jLo))(^ ’s>‘’'E. 

.Substituting the oxpruientiid for t!m cosine and sine expres- 
sion, we liave 

j/ow ■ 

The diagram (l'’ig. (i) shows tlie relati(ms analytically 
oxpressocl by the (‘(piations. Tlu! proj(a)tion of if tm the 
horlKontal axis (axis of real values) e((nals the suin of tho 
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projcc.tioim of A7 mul jUoI, m r,sinvi^m\ by Ui<> <‘urli.n' 
equation, 

e=^.l<:cm u)l--Hl viM (od-O) \ Loll o.iii^l^od 0 I 

a (luartor perio.l in nil vane, o ol 
Rlim{oil-0), it irt evident tliat the tnaiiK'lo ia a 



ti’iiiiiglo. Hy geometry w«f tlieii luwe lor tli<! iniignitudc! 
involved, 

and 

VW l lPofl -'f. 

This ratio between K nii<l / ia ealltid the iiniiedau(M) of th 
circuit and, in the exteiiHion ol OIiui’m law to allornatin 
currents, idays the part that reHialanee does foi' direr 
curronts. Impedance ia measured in ohiim, just as thong 
it were a real rematance. 

In a similar way from the uniform (dreular forinnlt 
wo have 




■f 
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The complex constant R+jLuj is also called the i mpedance 
of the circuit. It evidently has for magnitude -I- 
and as an operator rotates an associated quantity counter- 

Jjto 

clockwise through an angle 0, equal to tan — . 

It is perfectly evident that It, to and L are all real 
quantities and tiuvt R and Lto do not in fact have any 
quarter-phase relation. To express tlie proved relation 
between E and I and between E luul I, we merely assume 
tlie existence of a physical <(uantity called an impedance, 
whicli wo express as -1- or R+jLto in tins two 
cas(!s respectively. This is simidy a case of tlie end justi- 
fying tlie means. It is evident, however, that the investi- 
giition of the relation between E and / (either elfective 
or maximum values) has been jierfectly general, i.e., no 
sjiccial values have been assumed for any of these quantities. 
We may themfore fearlessly deal with impedances just 
as though resistances and reactances (as wo designate 
products like Lio) had in fact perpendicular (or quarter- 
period difference) relations. It must, however, be kept in 
mind that wo are considering simple harmonic quantities 
and that for other <iuantities other results follow. 

§21. Ixit us now consider the cfi.se of a simple circuit 
with simple harmonic e.ni.f. and constant re-sistance R, 
inductance L find capaenty 6’ fill in series. As is well 
known, after a rofisonablo time the current refiehes its 
harmonic state and may be expressed as before by the 
formula 

i—I (JOS ((ot-' 0). 


Ohm^s law cxtcjuclod to vivriablc (ioiuli turns givos foi tho 
ouu.f., 


0 r-,, E COS (Ol Ri -I- E idE 


KKVOIAMNd VKCrrous 


2S 


Sul )ati tilting tiio viihu^ nf wo Iuum^ 


li OOH (0t-~ I 


U (tort ((ot— 0) (^Ij(0 - 0 l 


!• K 


It i« ovidont timt tho ooiiHtiint K uuist yAm)^ oiliiu'wlHo 
tho WMunid nxunhor of tlu^ {Mjuntioii iy not Hiin[)I<i Ininuonid. 
Wo thorofor(i liavo 


li 0(KS 0)1 I 


U <K>« (od-'O) i' 



ThiH oqiiabion in illustmUxl by Fig, 7* T\\{\ projcndJooH of 
tUo fiidoa of tho tniingh^ on tho Inu'izontul lino nrn (nddiuitly 


B COB Wt, Hi COB {(Ol — 0) 


and 




Tho triftiiglo in uiulomfcood tii Ixi in (immM'r-chittkwiso 
rotation iibout thn iioint 0, with im iiiiKnliir volooity oi. 
From tho trianglo it is ovidout that 
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The reactance, of the circuit is Lw-~. Incase^>Ivw 

the angle 0 becomes negative, as shown by the diagram 
(Fig. 8), but the form of the equation remains uncliangctl. 
If we consider the projcction.s of the side,s of the triangles 
on a vertical lino, we have 

sin {col - sin . 



Combining those two equations wo have, reiuomboring 

thate2=y, 

(o-i-o+f) 

= (^R + j (t^(o - -1' J ~ a7u) ) 

The factor magnitude 

are called the irapcdanco of the circuit. 
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T])oy play tho Hfiino as (iho i'(^sisl;an (!0 id ilu) oaso of 
uiivaryinfj; ouiTonfs for \vliic?li Dr. Ohm forimilatod his 
rul(5, known as ()tlld^^ law, 'rhis hml-or (in (nMu>r form) in 
tho ratio i)otwooji siinph^ Imrmonia and onrrout 

ami may ))0 us^al fonrlossly in liiulini;* tho valine of (Ja! 
(iniTont with known (mn.f. and vlvr. lursa. In its (iqui^ 
plox form in)])odan<?(^ iiidicaiU's n(»t only tlii' nin)>'nitud(^ of 
tlio ratio, but also tlio fa(d- that Iho <mri'ont la^»‘M bidniid 
tlio o.m.f. by an ant';h’ ^vhos(^ tan/{:<mt i.s (jxjjrc^sstul by tho 
formula, 


This lap; bor.mm^s a hauling!; aiipjt^ if 


'(V 


HARMONIC ELECTROMOTIVIC FOUCKS IN SMUES 

§22, Tho forop:oinp; nudJmd may bo lauul foiMur^mitH in 
whioh two oloctromotivo forous tjf dilbu-imt pluou^ an) in 
HorioH with a known impodanro, or for dividod (uV<mitH in 
which tho (JUiTOUt in dilTonmt brunolu's has (lifloront pluisos. 

Ah an oxiun[)lo of tlio formor, mipposo a (dnmit, of 
roHistaiKJO li aiul roaotaiico /><//, incindos t\s'o olo<d roniotivo 
forcoH in Horkm, tlio socoud lH/.!:f»;inK bohind tho (irat by a 
])huH 0 difloroiioo 0, It is assn mod that tho froijnomjy is 
tho Hanio for botli, Tho coiniMiiod o.inj. oxproHsod in a 
uniform circular formula in 


cos /7vb sin 0^ 


Lot ua asHumo that tan ™ 

A’l d' /'/'acoH//' 


and dmivo corro- 
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sponding values for sin O' and cos O'. Wo then shall have 

7i' =£?'<“( (o os O' — / sill + + cos 0 

— + + cos 0, 

and 

cos 0. 

The impedance of the circuit is /M-fLw, and it produces 
a lag 0” in the current behind tlie coinliincd c.in.f. Tlie 

value of 0" is tan”^-^^ Wo have also tho relation 
R - 1 - jU) - 

Therefore tho current is 



Eio. il. 


Example. Assume 7i'i'==l()0() volts, i?2^12()0 volts, 
(?=G0°, ii— 12 ohms, L(o=^!) ohms, to find O', 0" , I, and E. 

/biswcrs. 0 ' tan~^ ((.(I'lDri, 0" »= tau~^ j^, 1 ~ 1'10,70 amp., 
74’= 1007.0 volts. 

Tho diagram (Fig. D) indicates graphically tho mag- 
nitudes and phase relations of Ei, E^ and E and tho phase 



32 


UKVi)i,vii\(i vi'XrroliH 


roliitKHi (>f /. 'PIki ciim-iili i.s ^ .lil'foront w-iito 

liowovdi', to avoid coiiftiKion in tlio diaj-:nini. Tlio wliold 

diagram ia („ r„(,„|,o cnni,l„r-rlo.dcwi.s,« ul,o„,. 

0 wiCl. an ai.Kiilar volo.dty sy\mxf\^ (,lu, IVo.nuwv 

((lyaliia par Haaoiid) ol' Hm o.ni.f.'H. 


PROBLIJM OF A DIVIDIiD CIRCUIT 

§ 23. Till) proldoni of a dividod aiiauit i.-t ns follows; 
AHsuino an o.m.f, /<; hot, wean jiinatimi |Mijnl:n of a dividn,! 
cii'iiuit, in (1110 Imiiioli of tho oinoiit. a rosistmioo li^ n 
roiMstanoo lm„, and a oiinviit /,, in tin. utlior hraiicli siiiii’lm. 



quaniiitioH und /.j^ und a tMimml, I in tlio iindividod 

part of tlio circuit. 'I'lm arraiiKoni(>nt of |,lio oiroiiit is u.s 
shown in tlio diagram of ooiinootiomi (l'’ig. 10). j,ot ns 
take as known quaiitltioH, /,, 7,!,, /..w, U, and L,o,, and 
Aot; ufl imd amt /, iitignllK^r willi tlio pluiMo j’(?lutinim, 

Lotus writo<?i..nairi-'r'i and f/:,. .fair' 

T , A’.) ■ 

Lot ns assumo tlio plniHo of /, to Isi tlio Htaiidard. 
Wo havo tlion 


fi (cos col ain <„l) /, j /"'/j , 
i? « (/i?i 4-)Xio;)/i « j/O'/i v'/i’ii* I /o 
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and 

E is ahead of /i iu phase by tlio angle dj. In a similar 
way we have 

and 

E = + 


The phase of h is boliind tliat of E l)y the angle O^. Com- 
bining the equations for E, wo obtain the relation Ijotweisn 
I2 and 1 1 as follows: 








where A is written for tlio expression 


' h!a'^ -l“ 


and 


/2 = /l 





I2 is ahead of /i in phaso by the angle dj — do. 'i'lio 
whole current I, that is the eurnmt in the undivided 
portion of the circuit, is 


Separating real and imaginary parts of /, wo have 
J=='/i(l -l-A cos (di — da) -I'M sin (d| — do)). 


Writing 


da ■=- tan * 


A. sin (di—da) 
i-|-/l. cos (di — ds)’ 


and deriving tho values of sin dg and cos d;i, we obtain 


/■=/,(C0Hd3-|'/Hin diOVi-l-i-i^-l-lj/i. cos (di — d2)) 

or 

J=e/flj|i\/l.l-j<ia-|-2yl cos (di~d 2 j, 

and 

I^I.i\/U-A^T2A cosldr-du). 



.|{|■:v()l,v^N(; VKcrou.s 


;!4 


Tim pliiiHo of / lomlH llm pin , mo of |,y (,i„, ^,^,,,1^^ 
Oi~(ht. It iH oviMoiit timt pr<MOMoly (,|,o Maii’m („p’„i(;i,a,H 
would liavo miolKal if, itinfoail of aMMotnioK /, (,„ j,,’ 

known, wo laid aMMiiniiid knowlodiyi of /„ j 

o(|iial,ionM would ainiply Inivo Imon dorivod in a diffonap 
oi’d(!i'. 


AHHunm ainpca'i^s, oio„„ 

Lior -2.!\ olooH, /,'.oVir, /„a. <15 oI.oim, (,o /hid' 

K, hi and / and (,1m plniHo rolal.loiifi. 



d«.na<r.v. 55(1,0, .•.►(i.:{5;>, / .(Oop'S, //, i 

I, an ' I : -15", /I, -l.an ' ().0(iti70,S :/■• .|<|' |,s”. 


I 



§2‘1. llm /irohlorn of a dividod oironit ia illiiMi.mlod 
fimphioally in llm diin>:nunH (l-'igH. ) 1 and ll{). Tim diaKmniM 
illuHtmto a prohloiii in wliitdi 1,1m i’o.-ii(i(,anoo of iJm (ii'wi; 
bnimih ia throo tinioa |.lm roacdaiimo, widio in tlm aoooiid 
bmnoh roaialainfio and roa(t|.nimo aro oipial. I'Voni (,1m 
formor diagram ll) flu, „,in.r. P! may Im dotoi'ininod 
in tornm of Alj, Lyt„, ,„id /.. Af(,or H iM‘do(,oriniimd, tlm 
diagram funuHlioH tlm nmana of linding ll,hj, and tlm valiio 
»l h may bo dotonniimd. Tim lat(,or diagnun (Fig. 12) 
»l,aw. t», „t ,,, ,, ,, 

1 aia 0 >'ili of tlm oltlmr diagram, and in tlm Hanm way 
h IS paralltil to Tlm <liagoiml roin-OHontH I to tlm 

samo Hcalo as 7, and h. Jf tlm tliagnuim an. drawn oaro- 
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fully to scale they are an excellent check on the accuracy 
of the analytical solutioai, though it is evident that the 
analytical method must ho inoro accurate if carried through 
without error. 

In both the case of sciios circuits and that of divided 
circuits it is jaossihlc that the (luantitics to l)o added may 
differ in phase by larg(! angles and the total (so called) 
of the e.m.f. or current, in the different cases respectively 
may be less than either comi)()nent. Tliis is the case in 
a scries circuit including a motor and a generator, which 



in practical cases are nearly opposite in phase, or with 
condensers and inductaiUKis in series. This is true also 
of cui'ronts in a dividetl circuit, one branch having inductance 
and the other cai)acity. 


RESOLUTION INTO COMPONENTS 

§ 25. Instead of indicating the e.m.f. and current as 
projections of uniform circular (luantitics e.^pressoil in mag- 
nitude and phase (the latter as a function of the time), 
wo may expniss the (urcular <iuantiti(w at th(( particular 
instant in terms of their read and imaginary components. 
Lot Ei-\-jPh rei)r(!sent the circular (pumtity whose 
magnitude is the effective value of tlm e.m.f. 

The instantaneous value of tlie e.m.f. is V2lii, as exidainod 
clsewhoro (§10). The expression h+ih ”1 the same way 
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expresHOH tlio eum^iit (ofToolJvo l 

iiiKtnntatioouH valuo VVa tlioii aliall lumi 


/?i + /A’2- )(/i I y/;.) 


;i) 


hylj 


A7.., 1 

(aw ••■-i-V, 


\ <W ' 


Ah tho Iavo (lircular <inanlrili(‘H {H\\uy] in |)i>l,h inagiiituUo 
and diroction, \vn lmv(^ iilai two tuj untie uim^ 


and 



/h 


Tho (jiiantitioH 7^i, lij^ /|, /o, may lu^ ]>osil.ivu ur n(^|i;ativcv 
or anino may l)a ponitivis and tlu^ otlmra tuif’;aiiv(\ 

Wo alao luivo 



aial tliia ia o<[uival(‘iit to tim two (^[imtitinap 


'•*. L> i. hr f f . . ^ \ 
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Lastly we have 



h-Vih 

IhU-Vihh 


and from this it follows that 


and 





E2U-l^^xhz 


Shmild the cirenit bo nou-iiiduative, we shall have 
/,“() with eorrt^sjnaiding changes in tlie fornniho. If there 
is no capacity in the cinmit, we must not assume C equal 
to zero; for a (;ondensor witli /,ero capacity means an 
op( 3 n circuit, AVo must instead simply remove the term 

— , It is interesting to note that tliis comes to tlio same 
Cm 

result as if the (capacity had beeomo jufiiiito; in which 
case a finite (jharg(3 (tinu3 int(3gral of the current) would 
not caiis(3 an appn^cnable j;)otential difference h(itween con- 
densev terminals. That is, tlie co3i{I(ins(3r will not inter- 
pose) any direct or c{)imter o.m.f. in the cinuiit. 

§ 21). The problem of series ciivmits with more tlian one 
o.m.f,, resistance, inductance, aiul capacity is to bo solved 

by using and in place of the 

C(o 

single qufintitit^s. 

The problem of divided circuits is treated in an anal- 
ogous way to the divided ciremit problem (§§ 23, 21), wliicli 

wo have already considered, by Hubstitutiug Liw— -y™ in 

place of Li(o for the first branch and substituting cor- 
responding expressions for etc,, in the other branches. 
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USE OF A SYMMETRICAL PAIR OF TRIANGLES 

§27. To roRiusout IJkj (wnS. hy a pair of inn'Torni cir- 
cular mot-ions, in tonus of tin? ournnit, rosistaiUMj, ami 
ronctanco, ns cxprossiul l)y tluj (^((unl.ion 

F f 

'' 0 .|. (/ 4 » jlj(o)s' 



WO may mako use of two Lrmn|,!;los nivolviip*; in opposites 
seiiHO with angular volocitms to ami always synnuotncal 
with respect to tlio liorizoiitnl lino 13), VVliilo tliis 
inodo of roproHouting a siinplo liarimniio ([iinntity is cuiih 
ploto and luis no parts to ho rojootod, it is ovidontly too 
complicated for general accoptaueo and usti l)y ongluoors, 



OHAP'J’FJl V 


PRODUCT OF TWO HARMONIC QUANTITIES 

§ 28. Let UH now consider the j)v()cUi{!t of harnionic 
quantities and in partieular tlio powor of an eleetric! cir- 
cuit, tlie product of (UUTcnt and clcctroinotivo forcti. It 
will be seen in general that tlio i)roduet of two siinplo 
liannonic quantities is not mnple harnionic, hut cotnjmmd 
harmonic. In the iiarticxilar case of greatest interest to us, 
that is electric power, the iiroduct may be resolved into a 
constant jihis a simple harmonic (iiiantity of double fre- 
quency. It has been shown earlier that if two complex 
expressions be multi|)lied, the jiroduct will lie complex. 
For example the product of 

y.l — {cos 0 -\- j sin 0)li anil Ji —■ (cos </> -l-j sin (/>)/S' 
is 

A.> -l-J sin {() 


In general the rule of multiplication is as follows: The 
product has a magnitude equal to the product of the mag- 
nitudes of the factors, and makes an angle with the axis 
of reals equal to the sum of the angles made by tlie factors 
with that axis. If the factors are uniform circular in 
form and functions of the time I and angular vidocities 
ioi and wa as follows: 


ao 


yl->(cos j sin (oil)Ii, 
(cos co-’l ~\- j sin ftJa<)iS', 
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the product is 

A‘5=(cos (wi -l-W 2 )i-|-y sin (wi ■\-( 02 )l}li>S, 

a result which indicates that the jjrodiKit Ims a magnitude 
equal to the proiluct of tlio niagiiitiidos of tho factors and 
an angular velocity oquid to the sum of those of tho factors. 
If (oi equals ( 02 , tho product has an angular velocity twice 
as great as the factoi’s. 

§ 29. For tho sake of a radudio <td uhmrdum let us 
assume that tho power of an olec.tric circ.uit may bo obtained 
from such a product of two uniform circular oxpression.s 
for current and e.in.f. as follows: 


and 


(cos {(ol—O) -\- j sin {(ot-~(l))l, 

(cos iol-\-i sin (ol)l‘j, 

EI^ (cos(2oj/- 1?) -h} sin (2w/- 0)) J'JL 


Tho product El is a uniform circular (juantity of double 
frequency, as shown by tho factor (2w<-(9), and has an 
average value zero for its projection on tho axis of reals. 
This product evidently is not power, for the powetr of an 
electric circuit has in general an average value clilforont 
from zero. 


POWER IN SIMPLE CIRCUITS 

§ 30. Lot us now take tho similar simple harmonic 
expressions for current and e.in.f. in terms of effective 
values of I and E; 

t V 2/ cos (<ol — 0) ^ “1“ « ““ ^ 

c=‘\/2E cos w/=-”-7i'(e/‘"<H-£-7<xi). 
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By iiuiltiplicjition we obtain the power p, with avcraoe 
value P, ® 


coH (ol‘ coa {wt—0) 

El 

= .j. 5-/(2, 0 ) .|. j/tf 

-7?/[co3(9-|-co.s (2w<-6»)] = p.|.ii,-/ cos (,2col-0), 


Ihis cxjiiesHioii sliowa that the lustantaiieoiiB value of 
tho power is ecptal to a constant P plus a simple har- 
monic (luantity ~~-vm(2wl-0) of twice tlio frequency 

of tlio curroiit anti tlio o.m.f. This may bo expressed in 
ciicuhu foiin provided tho origin O' bo taken eccentric 
to tho circle. 



J 'l, 


Tlio diagram (Fig. :l.4) oxprosHOH tho powor in circular 
form. Iho insfcantanoouH valuo^ p, of tho powor m oxprosHod 
by tho distance and son so of O^Q. Tho inaxiinuni valuo 
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of tiio powor i.s (yQ\f niid (;lio nniiiiinun maxi- 

juiiui) in O'Qn, Ah P (muhioI, ]h) /^‘(aU.or tlmn AY, mul may 
only ('(|ual AY whan 0 in y.m), (,1m poinl. O' imml, not bo 
nxtorior l;o tho vhvlv., '.riu^ (nntuhir fonnnla i.s i\h follown: 

7>v/* | [AYl: Y' l (roH (2a;A 7/) | ynin (LW ^;))AY, 

whoro P (lanob'H nn vcwMlne nnit'onn dirmihir (imm(;i(;y 
nmtlo lip of a (?onH(,nni, P ami tlu^ raniunlrin uniform rir-. 
cular ([unnliity | AY|. 

§;bl. It in intmvHirin/^ (,o m(u^ how ,l)i\ Stainnad-^^ by 
iiUiroiluaiiif?; lui arbitrary mal.hod of imiltipliaul.ion is nbla 
to obl.ain tha iivm’a^a valm^ of tim pow(a’ from (,ho (urcuhir 
formiihn (aomamtimO for A* ami A I In naya 

*AKor tho (loublo fnu(uom!y vacjtor l\ > H, or 
hOD" rotation ami /Xl^ / ami IX/ ■ j\ 'Phat in, 
inultipliaation by / ravarai^H tlm Hi;i;n/’ . , , 

Applying;’ his rula wo olitaiu tha tuirn^at n^Hult an follnwa: 
7y> » ((!0H Hin a7) A', 
h '{v.m (fa/--/'/) I / sin (wt- 0))f^ 

7? A' = [<'*>» ai/o!OH (fa/.-//) 'I'Hin oi( ain {oit //) 

‘)’/(Hiii fa/*aoH (a4 •//) ■roH (i;/*nin (a4 ■//))]AY, 

« dl'na // I / niu ll\Pl, 

*1 ho raal aompononi; of tla^ produal) /^Y in thn ])ow(u’ 
.AY cos // (avara|i;o vahuO^ tlia inia^dnury lannpommt in tho 
Ho-aallod wattloHM aoinponant of tlio pownr h'l niu 0 in 
niiipfuitiido. 

It may )m ur^ad in objmtdou to thiN nuM hoil of olitaining 
powar, that whihi tha r(ail part of (Ja> prialmd. in tho 
avarago valuo of tha pownr, wa muMt tuko tha whoh^ mag- 

*Htoinmol», AUcninimj (htrmil Vlwwnm mf ad adiiina p. ir>L 
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nitiule of the factors for effective values of the e.m.f, and 
cui'i'ont, and tlie real parts of tliese factors must be mul- 
tiplied by V2 to give the instautancous values of these 
quantiti(\s. 

§ 32. Aiiotlier arbil,i-ary metliod of combining e.m.f. and 
(surrent to obtain power is as follows: Let the e.m.f. and 
current be i-cipresejxted in effective valu<! by the magnitudes 
of the complex quantities, 


A' ~ + jK'i => ((SOS wl sin (»t) /?, 

/ “ /i 4 - j 72 “ (<■'<« (wl— 0) -i- j sin {lol— 0))I, 

We know from previous jxi'oot that tlio average value 

E 

of the power ./^ is Jil iwa 0, also that -^ = coswf, 

ii 

[ L 

{(ol~-0)y y — HUT ((ot—0) uud that 


(u>s (o)l) coH (u)t — 0) “I-hIu w^Kill {(ot^O). 

IL tlioiHjfoi'u follows that 


EJi -\-.E 2 l 2 ^EI 009 0 (a ooiiHtant). 

Ah EI 009 0 lias a oonstant value, although Et^ /i 2 , 
7i and /o aix^ all variahh^s, it is ovidont that wc Hhall obtain 
th(^ oorr(M;t n^Hult for avcjrago viiliio of tho power if wo 
talce th(^ valiK^H of thoHO varialdes at any ono time. 

Wo ih(n’(?foro liuvo a9 an arbitrary rule to obtain the 
avoragii value of the power: multiply tho real parts of 
e.m.f. and (uu'roiit, anti tho imaginary parts, ignoring tho 
p and add the products. 

Thus 
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If a minitH sign is cxprossod in oiu, of tt.o fnotors ifc must 
iiot bo iguocod. For oxiimido if wo luivo 


tlion 


«=//;, — y7i’;i, 


If wo hnvo a circuit iiichidiug u motor wliosti o.m.f in 
general opposes the cui'ront, wo Imvo for oxnmpio 

If wo liavo two niituia sigiis they must l.otli bo roairdod 
for oxainplo ' 

-|~7';a7a, 

etc. 

It is ovidont timt the abovo oxampios aro not oxainpIoH 
of real multiplication of current and o.m.f. 'I'lmy nm 
moroly tho expression of a rule for (indiiig avoi-ago power 
whoro tho o.m.f. and current aro known in magnitude and 
phase relation. 

§33. Tho abovo procoH.H is not easily rovorsod; for if 
P-A'./rlA-a/a, 

and supposing /( and h known, it is evident that there 

ZZ “ZfZZZz 

v«Um of i, and Ji, can nnly !«, round whon niimi iliitn 
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are given. It suflicos wlien 0 is known. We iinve Imd 
the known relation eos 0, and it may bo showji that 


and 


. /P..L 


f \ — I ■> tan 0 


/.i-l-/. 


Ih 


P- 


/a-i-/, 


tan 0 


In tlioso formula) 0 ia the angle of lag of tlio current 
behind the e.m.f. If 0 is taken ns tlio angle of lead, the 
tei'ins involving tan 0 must Ire altered accordingly. 

It is on tlie wliole more sati-sfactory to uso another 
method and find directly from the relations, 


and 

tlio result. 


P^ El co,s 0, 

/“/(cos («d— tl) -|-/Hin (wf— fl)), 
P 


POWER IN CIRCUITS OF MORE THAN ONE PHASE 

§ 34. The power In circuits of more than one phase 
may be obtained liy simple addition, wlietlior ive are 
dealing with instantaneous or average values. An inter- 
esting case is tliat of bidauced circuits liaving two, three 
or more phases; for in every ca.se of circuits of more than 
one phase tlie power is constant dui'ing the whole cycle 
if all tlie currents and e.m.f. ’s of tiie various phases have 
onual effective values respectively, and if the phaso dif- 

foroiKiCS from oatih to the next equals — , where n is the 

71 

number of phases. '^Phe two-pha.se (dreuit follows tlio 
same rule, though it tloes not come under the above 
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HliitouKuit of (linoiTiHMf; f<.r ill it wo Jmvo oiio into,, 

vai ()l (]()‘* and (-ho noxl^ 27(P. 


BALANCED TWO-PHASE CIUCUIT 
:i,o(, US (,iiko (.1,0 l.iilnnooii (.wo-jihiiso oi,„ui(, /i,„t 

Pliiu luwiii (L..i .1 


Ii \ I , . aii'cUKl linst 

I llllH lioou show,, (, .„(, ,,h„ 

ouiTonl, oifoiiii,, wil.l, siiuplo liunnoiuo « ,n f 
and oiiiTont ih 

' A 7 (o(ih W ( com (:>„d~ -U)), 

If Uio ouiTonl. ,u„t o.m.f. i„ u,,, 

cirouifc liiivo tlio smno olTi-ct.ivo viiluos ns i,, 

phaHo ilifforoniio of J, (,|,o v„,.i„|,lo pnrt of (,l,o powoi- will 

Imvo a pJniHo iliiroronco of |,oc„„so powor is a donWc 
f>'<a|UOMo.v vanalilo. Wo tl.oroforo «|,„|[ |,hvo f,,,. ,,1,1 

P2, Hu) powor of llio two pIlllMOH, ' 

Pi- A 7(cos c; I cos ('Jod ■■//)), 

pa- ■ / v 7 (ooh P -coh (‘Jod-P))^ 


and 


p«P, l pa- -L*A7oosP. ./*, (a ooiiMi.mt). 


BALANCED XIIREE-PIIASI? CIRCUIT 

§30. For a Imlauood ('.liroo-pha.so oirciiil; wo mIuiII luivo, 

if till) idiuHO intorviils aro 'lo()"cii-^ 

S’ 

pi-'-7i7(<jOH fM oos (2<id--//)), 

Pa = Jil (uoH 0 ■!• (los (]i(id -P |. jjx)) 

■ ' A 7 (oo 8 p-|.,, 0 H (:M,d~.0- ii;r)), 
Pa « hi (iHw 0 -I- ,!OH 0 f Jn-)) 

iinii “ A 7 ((!ohP (.(!oh 

V ^ px "h P 2 “h p[\ \Mil COM 0 — P, 
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It Is cvJcUiiit tluit tlio vixi'ifiI)Io pfirts of Aiiiiul oiio 
another, for tliny ntaj-- Ixi ropresentecl ns tlio ])rojections 
of the tlireo siilos of an e<piilatoraI triangle, eaoh side 
equal to El in magnitude and tlio first side niak-ing an 
angle witJi tlio line on whieli they are iirojeetod eiiual to 
Ot It IS well known that the sum of the projoetions 
of the sides of any closed polygon is zero. This relation 
is illu.stratcd by the diagram (h'ig. 1.5), 



Fm. ifi. 


BALANCED FOUR-PHASE CIRCUIT 

§ 87. The four-phase ease is, in a similar way, shown 
to Inwo constant power. Or it nia,y he looked upon as tivo 
pairs of balanced two-pluise, each jmir as shown above 
having constant iiowei. Thoj’eforo the sum of all four has 
constant power. 
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BALANCED SIX-PHASE CIRCUIT 

§38, The six-plinso ojiho w ovidoiitly a ciuso of two 
balanced tlirco-plu.Ho Hyatoous, Tl.n vuri'ablo park niav bo 
roprosontod l)y tlio projeadionH of tlio widof, „f jm (upiilutond 
tniinglo each being taken twice. Tlio poivor of tlio narta 
and the whole are ^ 

Pi-A’/((!oal?-l-coH {2o>t-0)), 

Pa =--■= El (cos 0 -I- cos T >1;^)) , 

’■-= EI(y.mO~\- ci is - 0 } ■ if k ) ) , 

P4-'/^/(C0S f?-| l!OS (:2mI~~ 0 \-2K)):;p^, 

Ps E I (cos 0 \- cos Clod - 0 I • ^ tt) ) - = p.,, 

Pa ^ El (cos 0 -I- cos ('Jod - -| • V tt) ) r.. p.^ 

?)=“?)! -l-?)a+p;rl-p.i l y^nd-pii'-^iA'/ ciw 

BALANCED POLYPHASE CIRCUITS IN GENERAL 

§30. ]f them am an odd nnmimr of phiwes, mom than 
threcj the variable part of the power is re()res()ntod by 



the projections of tho lines of a star-shaped diagram whieli 
18 in all cases a closed figure with a total of sjoro foi- the 
projoidions. Tho five-phase case will siifllco for illustra- 
tion (l-ig. 10 ). Eor five phases tho progressive interval 
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is §7r=72° for current and e.m.f. and .^.s-=l44o for tlie 
variablo part of tlio power. Tlie power of the various 
phases and tiie total are us follows: 

Pi = 7^/ (cos d-l-eos (2wi— d)), 

P2 = 7!?/(cos (7 -I- cos aZiot-O-V^T:)), 

Ihi = 7!''7 (cos 0 -I- (!os C2(ot- 0 + gir)) 

=-777(008 d+cos (2wi-d-f;r)), 
p,i-77/(cos (7-1-008 (2wi-(7-|- Vir)) 

= 74'7(co.s (7-l-coa (2wl-6'-|- g 7 :)), 

Pfl = 7?7(coH (7 -I- cos (2<ai-(7-|- 

= 777 (cos tf-|- cos {2<ol— O—in)), 

?J=?>i-l-p2-|-/)3-l-pd-l-pB = r)77/ cos (7=7’, 

'I’ho ec(!(>ntric (sircular diagram for tho power of a 
balanced polyi)ha80 system of n ])haHCs reduces evidently 



to a horizontal line of Icngtii iiJil cos 0 and a closed regular 

^1* 

polygon of - sides witli each side taken twice if ?i i.s even 
A ^ 

or a regular star of n Hido.s if n is odd. Tho diagram (Fig. 
17) ilIustrato.s an cight-phaso balanced system, in which 
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tlio insl.ujil.iiiMHiUH j)()W{M' is ti consl.iinl; qumitity P Tliy 
vanai.lo parC of |.|i,, p.m-cr nl' aach aopanil.o plia,s(«‘i.s 

of Uu! aonvspoiKliti/r si.lo of a.piaro oadi 
l)oin)^‘ Uikon mh iii(li(‘al(‘{|. ^ 

111 tho aa.no way (ho .lia^i'a.M (Kif.. IS) ropn.«o„f,a tho 
powor of a fivo-])liaa(! balancod .syH(.oin. Ah lu'foi'o, tin. 



inH(;aii(iaiaMniH powor \h ooiihI.i.iiI. for (,ho Hyafom, l.ho varialilo 
pari, ()1 Uio powor of |.|io Hoparato pliaaoH lioinj-: .•oproHoniod 
by tho projorfioMH of (,i,„ (iv„..poin(.od alar. 


UNDALANCKD POLYPHASE CIUCHITS 

§40, Wliilo hi /ronoral wo oxpool; (.lio powor lo ho oim- 
stanl) only in Imlaiiood Hyinin<-|.rioal polypliaao (or two- or 
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givos ii closed figiiro for the variable parts of the separate 
plinses. As a rule iinbalaiicod polyphase systems do not 
give a closed figure for tho variable parts of the eccentric 
circular diagram. 

'J’ho diagram (Fig. 10) illustrates tho power of an un- 
balanced three-phase system for whicli P, the average 
value of the power, is rcin-csented by OOi. 

Tlie maximum value of p is OO 2 and tho minimum 
is OO 3 , 
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NON-IIARMONIC CURRENTS 

§ 41. Tho niotliod of nivoIviiiK vii(!l;(>ra Iiuh iiilon'Hliiu}!; 
|il)pli(!ftl;i()il8 to (NwoH of corniiitH wliioli aro not Imiinotiui 
in tlio Ktrict aaimo of tho word. Tint oastw wliiali wo Hiinll 
hero iuvoHtifriito (WO, y/r.s'i, tlio <w(!illutory di.Haluii'K<t of a oon- 
donsor, .smjwd, ita nou" 0 .s(!illal.ory diHc.iinrjcii and third, tho 
cuiTout following!; tho doaiiif!,- of a oinniit in wliioli tho o!ni.f. 
ia ainijdo harinoinh;. In thus laat (aiao it ia wall ]{nown that 
tlio cuiTOiit ia not liariuoniit, lint aa tinio j‘<)o.h on a])|)roaoh()a 
more and inoro noarly to Imrnionio valuoa. 


OSCILLATORY DISCHARGE OF A CONDENSER 

§42. I'irat lot ii.s oonaidor tlio oaidllatory di.sohargo of 
a condonaor. .lait tho oiipnoity of tlio oondo'imor ho ropro- 
aentod hy fl, tho o.m.f. to whioh it ia ohart!:od liy A’,, whon 
tho circuit ia ahout to lio oliwod, ainl hy v. at lator tiiiata. 
Lot tho cuiTout ho indiciitod hy i, tho roaiatanoo of thd 
circuit hy R and tho inductance hy L. It will ho aaaiuiiod 
that C, R, and L am all conataiita. Wo ahall havo na 
tho form of Ohm’a law apiilicahlo to varialilo coiulitioii.s 


or 




/>3 
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DilTcrontiiitiiig thin expression wo have, after rearranging 
tlie Umm 

"riiin (i(iuatu)ii lum two HohitiouH, onch of the form 

■i— 

wluo-o K and a- nrci con8tnnl;a to bo dotorminod. The con- 
Ktiuit K doponeJH on Jin, iia will bo oliown lator, and cannot 
bo I'ountl from fclio dilToi-ontial ociuation in its latter form. 
'I'lio values of a are, however, to be found; for substituting 
f — /vs""*, wo obtain 

(n:ii//;-o;7efM-])/vs-v<'=0. 

Wo shan asMumo that the ourremt I, wliich equals /Cs~"*, 
is not zero in general. Wo therefore have 

(v27X'~a/.lC-|-f«0, 



'Pho gonoral solution for i may includo both values for 
K and difforent values for K which wo shall designate by 
/Cl and /Cg. The equation for the current is then 

i=/Cis"‘"*-|-/C2S""’*. 
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mCVOIAMNd VKdTOHS 


As if. is tiviilsiif, thnt. iv(; llio (.inio i of closing (ho cii, 
/* ■() mill ('•• ■(), \vi! slinll Imvo (Imi'ct'oco 


and 


A'l I -A'm, or A'l A';.. 


If (Vi and O';, aro real (niaid if ins, aii iiiv(isl.iga(.i()j 
(his (‘(innlion will show (lial. Iho (oirrcni. will sfriirl, j 
vaiiio zero, mo (o a inaxinimn, and fall off la((!r to siiij 
and sinallor values wilhonf. r(!Vi!r.sal of sign, and 1)(>(,, 
zero ordy aflici' an inliniln (inio lias (■la|)S(>d. 'I’liis condj 
is tvxpiessod liy (hi! inis|iialil.y If on (lio oi 

hand .' < -I A, if. is oviilonl, dial. ui and o'y arc con>i 
quantilies as folltiws! 


/'■ , .it.iM, ; A 
V/, J 

/i“ 


whero wo liavo wriilon 


A* 

•!/; 


4 


M, 

m; 



(lonvorfitig (lio o\|ionon(ials wifli iinagiiiary indices 
sine and cosine l.onnH, and lonimnliering dial, in (his 
ticular caso Ilia ourront tmisl. lie zero when I is zero 
have 


i - Ks sin pi ‘ ICs 



'I’hn iioriod of (lia oscilladou of the disahargo (or 
roiil.) is 



OSCIlLI^A'rOHY IH.SCIIAIIGIO OF A CONDENSEll 


Tf 7i’“ if) Mimll in conipiinHoii with — , tho i)criod is 
\OjC (tt] )|)r<)ximntely) . 

WiUi larf^(M’ vnluoH of R tho period m increased until 
whoa R 0 ( plain 2. n/.' 7 , tlu> iHiriod ))(<(!Oinos infinite. If 

i.s p;i'()nt()r tlmn — (liscjlmrgo is iiporioclio (without a 

poriod), ('.oi'rospoiidiiif!; to tlio oarlior hmnula. 

.l,(!t ns now iiiv<i.sl;igatti tlio o.m.f. whieli equals tho 
I)ot(!i>tial difi’oroiico l)otw(uni (joiidcnsor terminals. Wo hnvo 
tint rolatiou 

(i~^ Jt-h 'p I^'/r. 

ill 


Sidistitutiug tho vaUio of i ns given ahovo, wo hnvo 




.It . 


It sin /7i -I ■ Ij{I (!oh — sin /?( 




.sin 1 cos/?/j. 

Writing, to Hiinplify ilio (ixpiussion, taiw) — 1, 


we Inive 


Ah on clomiip; tlie eircuit (uo,, l — O) wo had wo 

obtain as tlio vuluo of the coaHtoit K] 


2/'Wa 

V‘.iL~mj 
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liEVOLVINti VECTOUa 


and 



If is Hiiiall in comparison with tho curront for early 
oscillations is 



(approximately). 


Tho maximum vnluo of tho eurrc'iit (complete expres- 
sion) occurs in less than one-cpiarter of a period after 
closing tho circuit, at a time wlien 



(li/ 

as may bo shown by putting e(|ual to sero. Tho mini- 
mum value of i occurs half a period later, when tho sine 
equals a .result also of tho same equation, 0, 


Using tho notation of I’otating vixstorswo may express 
0 and i ns tho real part of two exponential spirals .W and I 

S S 

as follows: 


E = -I.M - i 
s \/4Xri«6’ 




27?o\/C 

V4L^WU^ 


u 
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The charge of the comloimor is evidently 




\/W~iFd^ 



1 -l-tan“^ 


-v/fw / 


T\m may bo written an tho real part of tho oxpoucntial 
Hi)irnl 


Q 


2/'V- \;^ (/»M- J-f) ^ 


§ 43, Tlio results for i, e, and q might have Iksoii deduced 
in the form of the difference of two e.\pouential spirals, 
directly from the solution, 

for if n'l and /vg are complex both Kie~‘"‘ and Kis~‘"‘ arc 
e.xponential sjjirals. If the result is to be real at every 
instant, it is evident that the imaginary parts of both spirals 
must 1)0 e(iual, while the real parts must bo ociual in imig- 
nitude but of opposite sign. It is evident that both spii'als 
must start for i-d) at a point for which the real values 
are noro. To satisfy this condition Ki must bo a pure 
imaginary. As wo shall i)refer to keep the constant real, 
we may roach the same result by changing tho phase of 

the spirids by an anglo llcmombering that and 

wo may write i us the sum of two exponential 

.spirals, or 

whore K is tho magnitude of the pure imaginary Ki as 
explained above. 



5S DEVOLVING VECTORS 

Substituting the vnluc of % in tho oquation for e, 




WO obtain 
e = K 


or 

C-/C 


V‘2 7* 




Writing as boforo tan l.siu etc., 

and romombering tliat 
after rearranging tho tnnns, 

At tlio time of closing tho cireiiit (i.o., i-:>0),Avo Jiad 
tlioroforo ^ 

or 

E..27f„7,,-|).2A-^g.nw5-7i'7«:, 


K‘ 




\L-^JPC 


and 


NON-OSCILLATOllY DISCHARGE OF A CONDENSER 59 


Sii1)8tituting the value of K in the earlier formulic, wo 
have 




VlL-'k^c 


2/!,’„\/77 






lit 

2h 


m 





The eliargo of tlu) oondonaor luus a aimiljir^fonniila, derived 
from the relation, q — cC, It in uiiiwusoHHary to write it 
out in full, 

The exponential npiraln for eaeli case may bo jdottod 
in polar coordinates, and Avill bo seen to bo in all rosi)eet8 
0 ([uaNox(iopt that oiui is right handed and the other loft 
liaiid(Mh The epoch angh^s for the starting points are 
indicated in the expoiumt* 


NON-OSCILLATORY DISCHARGE OF A CONDENSER 

§ 44. It has l)C(jn shown above, §§ 42 and <111, that the 
condition, AW<<IL, corresponds to an oscillatory discl\argo 
of tlie (a)ndonser, If^ on the other hand, we liave e' ’ 
or thou the discharge will bo 

oscillatory. 

Tlic general solution 



GO 


llEVOLVING Yli^GTOIlS 


in whicli «! and arc real, (lorrospondB to the condition 
RK!>^\L] hut bocomcH indetorminate if or 

In thm latter cuhc wo must rcBort to the par- 
ticular Bolution, 


KvBt, lot US conHidcu’ tluj general wolution. At the time 
of cloBing the eircmit, wo liavo 

rdtj 


]*]{) L 


ill 




— /j7v(<Vo — (I'l), 


or 


A.,.-,..... 

L(a:o-<(i)* 


Substituting the viiluos of <vi and <ia, § 42, wo liavo 

fZJF. iTZTiiTX 

4 e'a/.V' ;i//V 

\ r 


If K~C~‘\h, wo havo from tlio puvtic.uliu’ wtlution 


JCi-'d) aiul K-i 


giving as a final njHult 




Wn 

7 / 7 ’ 


PHENOMENA OBSERVED ON CLOSING THE CIRCUIT, 
STARTING TERM 

§ 45, Lot UH now oonaidor tho oxi)i'OHHion for tlio cur- 
mvb in a circuit which has just Iksuv closed, tho o.m.f. 
lasing simplo harmonic. As is wssll known, tho curront 
will not l>(S(somo harmoiiits at oncso, (sv(sn though tho oloc- 
tromotivo forco is precisely harmonic. 'I'ho divorgonc(s 
from harmonic values is oxprts.ss(scl in tho O(iuation for 
the current by a so-called " starting torisi.” Lot us con- 
sidor a circuit of constant rosistivnco li, inductanco L, 


phenomena observed on closing .the circuit 61 


capacity C (all in scries) and a simple harmonic e.m.f. e, 
equal to E cos lol. AVo have ns the expression for Ohm’s 
law extended to variable e.m.f. 

1 z' E . 

C = E cos cot — Hi d- ^ ^ J ® *“’*) • 

It is well known that in such a circuit the current 
eventually will follow a simple harmonic law. Indicating 
the starting term by (fil, being a function of the time 
I and I being tho maximum value of the current after the 
harmonic condition is reached, wo have 


I 


0) .|. J-J'W- «) — 


Let us substitute the value of i in tho previous equation. 
\Vo obtaih 

- 1 - - \n<l^ - 1 - 

Tho constant of iutogration is reserved for tho last 
term. As no particular values have been assumed for 


Lw— 


Co) 


I or 0, it is evident that if wo write tan and 

wo shall have 






and thoi’ofoi'o 





02 


]{.i';v()LviN(; vi'icri'ons 


DilTcrontiuting tlio laat oquatioii luul diviiliiin' bv L 

WO ildVO 


"r/r'y; 7//: 


\V (1 liavo already Jduiid tlui soluUoii of an (i(|iia(iiou of 
fchia form (§ 42), If 4/y>yi'~C' wo may wilUi at onoo 


0 ==/v£ 


']il, J (i/fv/'M' “■ ' ') .1 . £ ‘ '■) 


whoro K aiul f aro botli roal (|tiaiititi(\H. 'J'lii.s ia o<(uivaloub 
to (lroi)|)ing tlio y fiom Uio ox|)i'(waitm and giving tlio oxjio- 
mmtialH in tlu! Itraokot difforont raotor.a fvi and Ka, If 
tho latbir niodo of (ixprossion \vor(! ii.s(>d, /C| and JCj would 
in gonorni lu! found to ho oomplox ooimtaiitH, 

If y>!-(/'>4yj the Holiitkin for t/> tal«!f:i tlio form 


(/> c’/Cis 





which wo «lmll (Hhouhh lutor in § 

§ d;G. To clotormino tho viiluoH of /v and wo niuat 
know tho condition of tho circuit ut tho linu^ it in clonod. 
As wo have already assinuod in our forJiuiIii for tho idta;- 
troinotivo force that c is at its liirfifOHt valiio wluni 
or any mun])cr of coiri|)l(ito j)oriodH later, cannot in 
fairness assumo that tho tinio of clewing tho circuit is 
noccssarily tho samo, hot im thou talco tlu» time of closing 
tho circuit to bo /(), Lot us ussunu^ that tlio condonsor was 
alroady chargod to a ])otontial lio wlion ])ut m circuit. 
Wo thoroforo have tlio couditioim tiuit 


and 


ooH 


at tho tinio, to, of closing 
tlio circuit. 
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Indicating by tbe value of tj> when t=to, we evidently 
have from the relationa al.)ove, 


and 


]i eoH w/()' 


i/>o--=eoH {coIq-O) 

A’o = L(ol. eos — 0 -1-™^ — JjI 


ill 


|(=L 


or 



]i coa ./(r’o 

hi 


10 aiu {(oIq—O). 


Writing, aa in § 4 ‘ 2 , 



the eciuation for tlie atarting term, § 45, bceoinea 

and when l ~ we liave 

;«ii 

2/vs”’^'' eoH (/!/(, -I- ?') «OH (wfo- ") • ^ 


We have also 

■#:i - 

('ll I (i.i (0 


!{ti\ 

'2K 


R 

Jh 


cos 


E eoH «)/()•- A’o 
hi 


(/?fo-i'r)'i-/'H»iPo+r)J 


(0 aiu {(>>io— 0 ). 


From th(!80 e(iuationa wo ol>tain 

E <s)a (i)ln—Eo --['h(i)l ain 

tan ipio 4' J') ijiJ coa (w/o~ 



UKVOLVING Vlt:OTOKS 


CA 


and 
y— Uiir 

tuir 


-/?/o 


mul 


1 1 A "I" ~ ^) 

L coH (w/y’^7/y 2/9', 

1 1 ^^*^0 “*“ d- L(oI Hill ((oIq — fl) 

lV(iX(;^yi!^( 7 co9'^^)^'i9) 

2^ 


c(w (/?vi-vj 


/iVo 


(:{2/(l roN mu 

( iL'ijvvyj/ *■*’“'*’ (w^i)~'?). 


^ ])oiH!mlhiK oil ivhiiih wigii in fcakon for tlic Hiiuaro root, 
K may lio oithcr poHitivo or iicgativo. It ia ainiplcr to 
tako tlio poaitivo vahus, in wliicli caao com (/?/,, -I- y) ia jioaitivo 
alao. If, liomsvor, tho nogativo valuo of K ia choaon, 
i!OH (/?/,) -|- y) is nogativo alao, witli a conaoiiuoiit eliaivgo of 
K in tho valuo of f, Tlio formula for y hua tho corrcapond- 
iiig amhiguity. 

It ia poaaililo umlm’ cortain (liroumatanooa for tho ourront 
to 1)0 hariuoiiio from tho timo of oloaiiig tho oirouit. In 
thiH oaao tho atartnig torni liooomoa zoroi Thia rotjuiroa 
tliat tlio oirouit ho oloaod at tho inatant wlion ooafwi— 
ia zoro, and that tho initial potential difforoiioo bctivooii 
oondonaor torminala haa tho valuo 

A'o Fj ooa w/„ -I- L(ol ain (w/„— 0 ) . 

§ 47. (Iraphically tho ourront may lio roproaoiitod by 
tho reaiiltaiit of four rovolving voctora niado up of two 
paira. Tho fimt pair oonaiata of two uniform circular 
voctora, roviilving in oppoaito diroctiona with angular 
velocity lo and with equal magnitudoa. Tho aocond pair 
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cousiats exponential apirala with angular volocitiea 

a_R 1 iix oijposito Uiroetions ami witli equal 

P~'2L-slWC 

§ 48. If the reaiataiico of tlio circuit la greater than oi 
equal to 2.^, the atarting torin loaea ita oacillatory char- 
actor, and the formula for <l> bocoinea in tlio former caao 




where 


■a+3r/\i'"7TC ““"ST-iW iw 


iU 

At the time, <o. of closing the circuit, the current is 
zero and 

L f -r 1 ^ • 

Sulistituting the values at the time l-^lo, wo obtiu'i 

0-7[coa (Mk-O) - ![<■'•»» (wfo-fl) -/VK""''"- A'aJ'""'"], 

E 008 w/o-A'o- A7[“ " ■l-a',Aie""''’'l-a2A:2« “‘'I- 

Substituting in this equation the value fn.m t>‘« 
equation of K 2 S ' ' ««« ' 

havo 

R eoa w/n— 7!?Q-i-AaiJ sin (w/o~^) , , ,,,, 

L 008 Olio cos (i./o~f7)], 



UI-:V<) 1 ,V 1 NG VJilC'I’ORS 
luul 

i^ii i 0»I o~0)—<yi,LI cos (oiln—O) 
{(fi — a'a)L/ ~ 

sin (o>l,^- 0 )-,yJAv.o» (toL- O) 

(fix (I'ij) W ~ ) 

and 

~ {<u~<y^lJ 


_^ /v’ c(i,s <'j/|)--/!,’(,-|-/,<,>/ .sill ((»ln~0)~(vj LI (!(i. s ((ot,y~0) 


(a* I — fiiij hi 




Jf JiHJ (K|ualH -l /v, tho aUirtin^* kwm tiikoH a tliircl form, 


AV 

(/vi -h/voOr^^ 

wluini /\', niul A'a am (ionstaiitH (hipoiuUiip; on tlio conditions 
at Uio tiaic /„ of cloHinfi; (,ho cinuiit. Making the sanio 
iisHuini>tionH as liofom, wo sluill find tliafc 


ii% 

A'l. 


and 

-'"T U 


, , //i' COH ctL— I'L . , , , , 


()<m («»/()— 0) ■ — — M sin (oilij—O) , 


If Uio oiirmiit is to lio liannonio from tho timo of closing 
Uio oii'c.nit, ovidontly wo must liavo in tlio last two cusos 
iiH ill tlio lirst, § •l(i, 

oim 

and 

cos ctil^y\^J^tol sin (<oIq~0), 
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GENERAL REMARKS 

§ 40. It is cvlckiiit ivlso tluifc tlioHo results for the oscil- 
latory clischnrgo of a condenser and for the current with 
simple harmonic c.m.f. when the starting term is oscillatoiy, 
might bo expressed as the real part of an (ixponential 
spiral for the first case, and as the real part of the sum 
of a uniform circular tiuautity and an exponential spiral 
for the second. 

For the oscillatory discharge we shall have 


•i = roul part 
c = roul part 



and for the current when the c.m.f. is simple harmonic, 


■i^real part[/ •->•)) ] 

In general the angular velocity /? of the spirtd will bo 
different from the angular velocity w of the uniform cir- 
cular component. 

If [j is a whole multiple of w, or even nearly so, o.scil- 
latory surging of the (Uirrent of corresponding frequency 
will occur if tile c.m.f. has a harmonic of that frequency. 



(!HAPT]':il Vlt 

COMPOUND HARMONIC CURRENT, E.M.F. AND 
POWER 

§ 50. Pcrioclio currontH (or ol<!('.(ii'oin()(;iv(i foroon) wliic.li 
do not follow Himpio hiirinonici Iuwh may lio roptnHoul.ad by 
moans of rovolviiig vootors. 'J’lio most ovulont way df 
rojn-osouting suoli a om-ront is l>y tlio projoction of a lino 
whoso longth ociuals tlio maximum valiui of tlio (',urr(!ut, 
tlui sign not being oonsitlorod. Tlio angular volooity of 
rotation may bo varied as reipiired, at times if noeessary 
being reduced to zero or even revensod in sense. Siieii 
a metliod while involving no real dillieulty, when viewed 
from a purely mechanical standpoint, in fact involves 
considerable dillieulty when an attempt is made to oxiiress 
it in mathematical symbols. 


USE OF FOURIER SERIES 

§ 51, A liotter method is to re.solvo tlio jieriodic cur- 
rent into a number of harmonic terms. T'ho jieriodic 
current, in other ivords, may lie oxiiresseil iis a l/ourior 
Borio.s of tho form, 

cos ha/2/2 cos (2wt~d2) 

HV 27 acoH (ihat-d;,) H-ctc. I-Vil/,, cos l-otfl. 

OS 


im) Ojy FOUlUl^U *S10UIES 
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If proforrod, the may lako tlio form 

i — I{) \-Ai Hui cot y-A^ mu 2o}t l-Ai^ sin 

-\~An m\ moi -l-otc,, 

A’JU wt oos 2(ot~\’.Bi^ uoH ^(ot+i)k). 

-\-Bn niu luot H-ctc. 

[y\\{) rolai-iouH luuoufjj Uin oonHtimlrH of tlio two equations 
anj (^videiiL 'Plui lal-Uu’ form of tli(^ tuiiuitiou has for our 
l>ur])OH(\s liMlo to (u)imuend it, and wo sliall not uso it, 
I'ho foriiKU’ form expiH^sst^s the eurrout as a constant plus 
tlur Hiim of the projections of linos of length V2/i, V 2 / 2 , 
V2/:i, etc.,, wlioro h, /a, etc., ot(?,, are 

tlu^ oUec-tive values of tlu^ conq)ouonts of the current. 

In g(UHU’al, eurnuits with which we shall deal may bo 
n^pr(‘s(mtod with sudummt approximation l>y a very limited 
mnulMO’ (»r ttu'ins; and in most cases only the terms of 
odd order are pn^stmt in cuiTontH of commercial circuits, 
Th(^ Foiiri(5r stu’i(^s in sucli cases mluccs to 

i‘ cos {oil--*i^\) j /acos 

-I'/fi cos d-etc,]. 

T]\{\ constant t(M*m /« is only p'rosent in case the average 
value of tla^ (mrnmt {lillers from zero. The terms of oven 
(H'dm* ari^ prestmt if su(a?essivo half waves dilter in ai\y thing 
l)\it sign, proper allowance being made for the constant 
tei'Ui if jin^sent. 

It is <wi(hmt tluit tlio resultant revolving vector, in 
cases of this kind, is re])resented by a l)rokon lino, each 
part of which revolves with its own proper angular velocity. 

Similar imddmds may bo used to express a periodic 
e.imf. Using tlio first form wo may write 

tu^i.Ao"lV2[7'n cos d^cot-Xz) 

cos dUot- A|0 H-etc, cos (nwl-Xn) +oto,]. 
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iM*:v()iAMN(i viarroHS 


ll is nssiinKul Uml- {?ui'r<uii niul njuJ. luivo oquiO 
fr(s(n(SH:icH. 

§ 5*2. 21 |)()woi* <l(nMlo|)(‘{l in 1-1 (liTuil- is found by 
(-akiiif!; tlui prodin;!. of a and i, Wc^ luivci in Ui(5 [)r()du{jli 
n tunnlxn' of lorius of tlio foraq 

(los (rod -'ilj) (a)s 

If wo sal>Hl-iUi(.(? for (s)siiin product Uudr (upial, 

{{r \ (i)o)l-(),.~X,i) t-ciOH I, 

and ronuanlxM' t-lial» tluj suin of a, numlxa* of sitnph^ har- 
ninni(^ (luaiil-it-H^H of Uio saiiu^ rnapionoy is nnoUi(a' slni|)lo 
lianiHaiio (pia airily of that Haaui fro(|uouo 3 q i.lio ox[)roHHiou 
for p naliKiOH to 

/)= /'Vcrl-S/!;,,/,, COH (f5„- -<„) W)H i(ol-/^i) 

^ -|'7^2 oos {2(ot — flS) <a)H (Ooj/- — /9;j) 

oos (nod — fi,t) -Hd;o. 

Tho iivorago powtu' is made up of tho (lonsl-aiit bnans, 
for tlin variahh^ tinans (including all tcM’ias fujnd-ions of (o) 
jiavo ail av(a'ag(? valia^ >5(n’n. 21m uvoragx! power P is 

P — /'-'{)/() 1 ' ^ I ti n Ki ) ' • ' I ' ^ I at )H (rq ™ X ] ) 

’ I' Ab/o{UhS (o.» A>j) '|'Ct(\ \ H,J Xu) |-Ot(t. 

If, as is gonoi’ally trim of c-oinnmndal ciriiuits, tlu^ (MU.f. 
and ciuTimt arii ajiproxiiuutoly siniplo liarnionic aiid if 
Urn only liarinoni(!S pn\sonli aro of odd onhr, tho (expression 
for avorago power will nalinto to throe or four toj-jos whose 
sum is (jonstant. 21m coinpleto exiin^ssion, practically con- 
sidered, will reduce fur the iustaatauoous powm* p to 

2)^-^P'\'p2 eos //o) cos /?.j) 

'\ P(\ vm {iuo^''-fi^l) l-eto. 
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'I'liis iiuiy l)(! ((X])r(!Hn(Hl l)y an tHicoiifcric revolving vector 
wIioHo origin is distant fnnn the center of rotation by an 
amoniit /’ 


POWER FACTOR 

§ bib For tlni power fn<;tor of such a circuit to be iinity, 
it is iieei'Msary that the current and e.ni.f. curves be pre- 
cisely similar, i.e., the (uirnuvt id, every instant must lie in 
the same fixed jiroportion to the e.m.f. Mathematically 
exprc'ssed, this means that 


A'o 

Si-.h :: lS-yJ2 :: 

IS-y.hr- 

ntc. :: i: etc., 

and tliat Ai^ 

•••(»], Ay — da, All 

~ih, eti 

p,., K—Oh) otc. Under 


all other eireiimsi.anees the product of the effective values 
of eurreid. and e.m.f. (/ and A’) will exceed the uverage 
powi'i'. 'I'his may be shown as follows: 

'I'he ('(Tective value I of the current, square root of mean 
Hiiuare of ■/, is 

^ 0 


for as before in the expression for average power, the cross 
products involving different frispiencies add nothing to the 
final result. 

In the same way, the effective value IS of the e.m.f. is 





T,et us Hupiiose the various components of the current 
to be in the proportion 

/o;/i:/a:^i!:ctc. I! l:«:/9:r:eto., 
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HEVOLVIN G VEC'J’OUH 


and those of the (Mvi.f. 

Eo : E , : Ka : E^ : et<!. : : 1 ; o' i : /?i : ?• i : ‘he., 

ami that all the individual po\v(>i‘ faetors ans ututy, i.r., 
Ai = fJ|, k==<h, h = <h, ete. AVe then havc^ 

P=E»h{l-\-na-i-\~fiih -|-?7i H-ete.), 
from whicli it follcnvs tliat 


j 52 / 2 _/a 

liiiW ' 


-lYh-r--!-(d;e.l 

-|-2«ar|-2.'^;9i+2>7-i-|-ete. 

+ 2a« iflfti -I- 2n: u i yy i -1 - e t(! . -\~ 2p(1 1 yy i H- (i ti; . ] . 


Canceling like plus and minus tiuantitii's and eoinhin- 
ing the r(mt, we have 


(?■ ~ (nfi, -aVf)2 

/(fO it) 

-|-((v^-i-aij-)2-l-ete.'K/^?‘i~/^ir)"'i-‘d(!. 

As the right side of the eiiuatiou is the sum of sriuares, 
it cannot ho negative, and can he /,ero only if iv-- (v\, {P -fh, 
y~yi, etc. Under all other circuinataiuais we must have 
El greater than P, If the individual power factors are l(‘ss 
than unity, the value of P will Ihj Biualler still. We ther<>- 
forc see that for the power fatitor of tins effective) eurreid. 
to he unity, the current and e.ni.f. must have precisely 
similar form. 



POWER FACTOR 
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§ Cyi. It is w(^ll known that hysteresis modifies the form 
of Ww eurriMit curvi^, so that it (jaiinot bo as a rule of the 
HUM 10 form as the, (Mn,f. eurve. It is for this reason usually 
im]K)ssil»l(^ proeisc^ly to obtain unity power factor in the case 
of ii synelu’onous motor whose field has been adjusted for 
maximum i)ow(u* factor; for no one field excitation can 
l)rinp: all instantam‘OUs values of eiiiront and oani. into a 
constant ratio. 
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INTERLINKED CIRCUITS, MUTUAL INDUCTION 

§ 55, MHuiu two cln'-uits nw linUod tof.';o( luM' hy nu'iins 
of the Hih^h of du<^ to (Uii'r<‘utM in Ijoth oi 

oitLor cinniit, wo iiitiy olw(n'v<i lJu» |)li(nu»in(‘ii(jn ol (d(^(;- 
troinotivo I'oims (hio l»o nuitiinl iu(hiotim(i(\ linn pIkmuhii- 
onon was lii’sli ohaoi'vod l)y ilom^ph Ihauy, Tlio jiluviiniiK'iMai 
of Holf induatanao was diaaovia'od by Mialuud h'unulay, wlu) 
|i;avo to tlu^ worbt tlu^ invaliiablo aoii(u'pti<Hi (tl lilacs 
of force to explain huiuctivi^ {)htaiouu'na, wliotlu'r (dta^lrie 
or iviugnetio iii origin, l♦'lvrlulay was not a niatluooatieid 
physioiat and his faniouH reseiindu?H witli ix^spiict iiJ liia'S 
of for(!<^ wore not appreciated until put into inallanniiticad 
language by Maxwell, Unfortuiuanly for our \)\vhvM 
eloetroinagnetio ternunology, Maxwtdl saw fit to use tla> 
expnission Uuhh of vuluclioti in plaee oi J'ai'adays lines ol 
force winch w(^ commonly rei)rosent by 0 (lor tlu^ total 
itux) and B (for Ihix ihu- unit area). Mnxwi‘11 tdsn nU'* 
fortunately gave the ex])re.ssion Uucti ffforvv a new meaning, 
denoting by it field strength, for which wo who tla^ syml>ol 
H (fen* unit area). Many writers by error use H to ivpm** 
sent EavadnyV lines of forces in (^hadromotivi^ lonu^ lor- 
niuUe. It is evident that changes of Ibix (B), mit liidd 
strength (H), determineH Iho induetive eleetroniotivi^ forces 
Such writers use 0 to represtnit tlii^ surfaces intty^rals of 
H and B indifferently, The writer in company with many 
others favors holding to Faraday’s <vxi»ressiou lim^s of lorci) 
to ropresont (lux (not fioUl strength). 
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OHM'S LAW EXTENDED TO MUTUALLY INDUCTIVE 

CIRCUITS 


§ St). AVluiU two oirouits aro interlinked by lines 

of rtire<i, wo liavo a innv lerm in the law of Ohm (extended 
1,0 variable coialitionH). Tlio oxin-oHsion for the clectro- 
nuttivo forcMt ri improsHoil on the primary circuit, designated 
by the Hiil)H(!ript 1, becoinoH 


In t\m ]i{ ivnd Li aro tho roaistaiice and self 

indiioljinco of iAu) ])i'imaiy coil, i\ is tho curront in the 
]>i‘ininiy oin^nit, M is tlio inulnal iiuluotuiiee botwcon the 
two {drouits and ?*y is tho currout in tho socondaiy circuit- 
Tho o.iinf. ])j’oduood in tho secondary circuit, because of 

ral.o of ohiuui:^ in tla^ primary circuit, is equal to — 


J f iho, stMumdaiy circuut is closed and a curront iz is producod, 
a. ]»art of tl)is o.m.f. is hwt in oliinic drop of ix)toiitial 


7o/iti and olia',tronu)l..iv(^ forco of self iiuluctiou leaving 

availnlil(» al- tla^ bu^iiiinals the roinnindor C 2 , impmssod by 
tlu) secondary on its external circuit, Wo havo then 


02 ' ' 



R 


jiiy — ,/yji 


di^ 

7/r 


Tlu^ dilTenmco in th(^ fonn of tho two oq\iations is duo 
to llm coimuitioiuil agnauiu’iit to consider tho primary o.m.f, 
to be (tpplivd In tla^ priniiuy, and tho second o.m.f, to 
bo uppllvd hjf tlu^ siM!ondaiy, 

g r>7. The priinniy and socondary ojn.f.^s may bo 
oxpress(‘d in bnans (jf 7^'amd«.//s linos of forco also. Calling 
tho Ilux linking with tho primary that linking with. the 
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Kcuioiulury (/jo, iind llmfc liiiUiiiK Avilli liolli, (/i, wii.li inaxi- 
niitm vnluoH of <t>[, <!>■>, and (l> rosiHadivoly, and d(isif>nal;.iM|L!; 
Iiy iV| and /Vu tho tunm of wiro in tlio two noils, wo sliall 
have 


If tlifi primary and waamdary (ar(aiil.s W(M'(i so closidy 
reladal lilial. *'• '‘“I" 

ov(a'y turn of latlli noils. VVliile in fael. (.ids is an iin|)o.S" 
sililo assumj»tion, we do (ind it etosidy appiaiaelied in {(oial 
conmieniial traimforinei'.s willi naahM'ate loads. 

§ OS. 'J'he nuithial of rovolvini' V(adins may Ijo used 
to represent tiu) ohaitroniotive forces, (aiiTenls and (luxes. 
Tho applicaition is not dilliiailt if tlujy follow harnioid(! 
laws. If all are simple harmonic, we are dealiii)!; with an 
ideal transformer, in the cas(j of praclicat transformers, 
we find that even if tho ehaitromotive forees are simple 
harmonic, tho ciirreuts and (luxes will folhnv more lajiii- 
plitiated laws. 


FARADAY'S RING 

§ .')!). Let us consider tho siinpltJst form of transformer, 
a Faraday ring. (Suppose the t!oni Iniilt up of linn sluads 
of extremely soft iron (»f ldja!h |)orm(aihili(.y /<. \V(J shall 
asHUino this ijermeability to he cinistant for all values of 
(/>. Wo shall also assuino that no (lux lenve.s (he rinK, 
ami that the primary and secondary windii^^s have extrenady 
low resistance, and are so close to tlm rinn' and so well 
interniin{>;Ied that no (lux exists outside the rinp;. We 
shall then have an itleul transformer. ii(d. tlie cori! have 
a pormoability /i, an average length K and a (uoHH-.Hmttion 
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A. Ah Ix^foi'c, th(!r<t uro N\ priinaiy and secondary 
(.m'nn, and tl»o primary and waaindaiy currents arc ii and 
l.iit UH (irst HUppoHO i» is zero, tlic condition of an 
open H(M!omluiy circuit. Tlie magnetic field has been 
snpjtosed to satisfy tlu* solemadal condition^ that all hues 
of field inhmsity keep within tlio core, like water flowing 

in a i)ip(!.' 'I'ho magnetic reluctance of the core is 

Tim niagnetoiuotive force is 

il/.i!/,/-'.— k/Yiii, 

and it produces in the core a (lu.\ of lines of force (Faraday's) 

, 'iTTiYiA/iii 

K ■■■' 


with IV ilu.v inUmsity jver unit cross-section of the core, 




■lr:jYi/( ii 

A'""" 


:it lias Ix'eii assumed that the current is in C.G.S. units. 
If ii is expressed in amperes, wo must write IDA in the 
jdace of K in Imth ciiuations. 

'riie inductive electromotive force duo to rate of change 

of llnx is as before in the iirimary, and 

in tl'.e secondary. Wo therefore have 

and 

u 'W' (open secondary). 

"a' ' K <n ^ ‘ 

.The words solomul m«l mkmUtd uro dorived from tho Grook 
word for iifim or clmnnol, and nro iutendod to convoy llio uloa 
of a (Iun: kooinng witlnu iU ohannol. 
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If tlio fiocoiulai'y (iirotiifc m cloHod, </> will iltjiioiul on 
botli t'l iiutl i'j, luul wo hIiiiII Iiuvo 




'l?r/Y|.d/(/ tU, ,1!.. 

^ 


?)■ 


and 




Tho conolimioivH roaolx'd aro valid oidy wlitai /< m ooii- 
Hfcaiib and tho Iliix Holoiioidal, i.(!., (.hoi'o i.s no lonkago (if 
(lux. 


CONCERNING LINES OE EOltCE 

§ 00. To prnvo that it in Ilux (I''aniday‘H Iin(‘.M of forot'), 
not hold HtcoiiKth (Maxwcdl'a liiu«H of foroo), wliitdi d(\),oi'~ 
mincH oloiitroniotivo foroo, wo tnay oon^^id(tr two truiiH- 

fonnora built with iirooinoly aindhir diiiunifiiona, 

tlilToronoo boini' that ono lum a woll-laniitiaind noft iroii 
coro haviuK a porinoability aay dOOO, tlu! otlu-r Inivin/!; a 
woodou coro of jiorivioability 1. ;i,t(t tlio nooondarioH Ik) 
coimooUid to hiKh-roaiHtanoo voltin(d;or«, luit otimrwi.so liavo 
no load. Tho Hooondary ourroatH aro uo|di).';il'lo. (.'oniioot 
tho priiuarioH of tho two traiiHrorinot'H in m^rioa and apply 
an n.ni.f., whioh will oauHo full Kitoondary volta|','o in tho 
forinor. Tho Hooondary voltago of tlu! lattor will l.o 
of that of tho forinor. Tlio ourronlH in tho two primarIo.H 
aro aiiko and thoy prodnoo (apial liidd atrongth H in both 
coroH. If it worn rato of Hold atrongtli ohango whioh 
doturininoH o.m.f,, tho traiiHformorH would havo oqiial 
secondary voltagoH. IVo Hud on tho oontrary that tho 
secondary voltagos aro in tho ratio of tho nninbor of 
Faraday's linoH of foroo. From this wo oonoludo that it 
is B, not H, which delonninoH oloctromotivo foroo. 
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RATIO OF TRANSFORMATION 
§ (11. Wo hIuiwihI ill § f)? that in a tnuisfornicr 

ntul 

dt 

For KHUill inirrotif.H, U\i{ and will bo small. If 
(ilu^y may Ix^ nti^h^otcKl, and if Uu?ro la no^>:ligiblo loss of 
lliix, HO tlnili may (ionaidor (/>i and ifh^ equal, wo obtain 
llu^ ap|)roxinuit(^ ratio 

ri \ v.>,::Nx :*-iVo. 

If Cl followH ti’niiu])!*! luirinoidc law, wo liavo 


77 ♦ 

tj) ^ ^ 0 (!OH ) HUl 0)1, 


and n(^^';h?oti]q»; tbo obinio {\vo\) J\*\i[ and wo Hliall have 

Cl = i \^2/'/| OOH Oft’ - N\lO 0 OOS 0)1, 

and 

C'} i (od '7:) - - N>2O)0 oos od; 

and linally for tlu^ idnal ratio of . transformation of oloc- 
tr<onotiv(5 forct’.s ((?I’)Votiv(^ valuoH), wo aluill luivo 


Wi * li'ji * I iVi ! Nn, 

In |>rartical traimformora tluun in always aoino loss of 
Ilux dun (o inai^uHdn*. l(adaif»;n, ami HiU and cannot 
bn m^fj^lnidiial, l^'or tlinH(^ niUHouH tlio muioudary oloctro- 
inotiv(^ foiT(^ gtmorally fallrt Ixdow ita ideal value. 
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§ ()2. Ill our idoal traiinfornior m) have assumod tlio 
corn m\\\ luininatod and of vovy high pornloal)ii^i;3^ If 
tlio mMiondary circiiil; ih upon Iho primary will roquiro an 
small (iurnait to pi'oduco tin) uoaossaiy ilux, 
Had tho <i(>ro nob Ixam lanunaO^d, (uldy oun'tmluS genorabad 
in blu^ coi’o would .luiv(^ nH|uii‘{Ml uion^ primary (mrnmt. 
Also liad (rho p(a*moa))iliby of tho coro Ixuni low, a groator 
magnoti/aiig aurnmb would hav(^ Ikmui najuinul. 

Jf bho sooondary is didivoriug a normal ourroub, tho 
inagu(d;i/-iiig ofVoat of l\n) jirinuuy and s(aiou<lary <?urrouts 
will prar.birally offsc^t otu^ anotluaq Wiv ib has lunai assumod 
that owing to tiui high ptaamaihiliby of tlu^ aon^, vary libilo 
maguida/ing (mrronb is r(M|uirod. Tlu^ maguotii^ing oHoeb 
is jiroporbional bo bho aggrogabo amponM/Urns, Wo blun'o- 
foro havo i[N\ |)raoti(?nlly o(|ual to at all bimos, 

or for off(H)bivo valuos, nogloobiug inagmdaziiig curnuit, 


TRANSFOUMBR DIAGRAM>S, LAGGING CURRENT 


§ OIL Tho phaso rolabion of ournmb and o.ni.f., primary 
and s(}(aindary, dtjponds on bias oxt(5rior ])orbi(jn of blio 
maanidaiy oirouib. If this jiorbion of bho oirouib is a non- 
indnobivo insistanoo, tlio sta^ondary ournnib and (mni, will 
1)0 in bho saino phastt, Tlu^ samo is tiaio also for aiy 
arrangoinont giving unit j)ow(n’ fa(d;or. If blu; s<*oondary 
ourronb is out of plmm^ with its tmmf, wo may hav(i tnbhor 
haul or lag. 

In any oaso a nwolving vootor <liagrani may hi\ iisotl 
to roi>rosont tho fnots, 'J'o illustrato a (aiso in whi(!h tho 
ournmt lags boliind bho o.imf,, hd; us draw a lino to 
r<5proH(iUt tho sooondary amporo-burns /oA^y and a lino 


to ropiH)sont tlio Hocondary voUs-por-turn 


iv;; 


in tlioir 



TRANSFOllMKll HIAGEAMS, l^AGGING CURRENT SI 


propel' phnsn relation (Fi}>;. 20). Draw parallel to OC 2 
a line to represent oliuiic drop per secondary turn 


Then O/I 2 will represent the e.ni.f. per secondary 

N** 

term jirodueed by the varyinfi; flux. At right angles to 
O/I 2 0)0” ill advance) draw OF to repre- 
sent the flux (!>. Opposite to 0/U, and 
(upiid to it, draw 0/1 1 to represent the 
jmrt of the applietl e.m.f. re<iuired per 
turn to balance the imluced e.m.f. Draw 
the line OOi eiiual and opposite to OC 2 
to represent tlie primary ampere-turns 
7iA^i, whicli wei'e assumed to equal the 
secondary ampere-turns. Draw tlie line 
Ailh parallel to Ot'i to reiiresent the 

primary ohmic drop per turn 



last draw the line 0/>*i, whicli represents 
the volts-per-turu whic.li must be applied 



)Br 


to the primary by some external source, j y 
Bimilar quantities must be drawn to a|; 

tho same scale, but the ampere-turns fki. 20. 


need not be drawn to the same scale 
ns the volts-pei'-turn. The reason lor representing ainpeie- 
turns I'ather than amperes, and volts-per-turn instead of 
volts, is to keep the lines of reasonable length. Other- 
wise in a transformer M'ith high ratio of transformation, 
similar quantities M'oiild be represented by lines of very 
inconvenient lengths. 
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UISVOLVING VlilGTORa 


EXCITING CURRENT, CORE LOSSES 

§ (I I. If Lhd COI'O loHwtH chu! to liyHtor(!Hi,s micl cckly 
liurroiitH iH-o not iioglif-ihlo, tho primary ciirront must bo 
iimniuwid to provido for those lossos. 
Tliis adclil.ioiial oomptaioul, is eom- 
luonly culled the magmttiKiug or 
ox(!itiiif!; current. Strictly .speaking, 
the magiuitiidng current is only the 
part that ])rovid(!S for liysterosis. 
'.riic niaguetizing current is never 
simple lmrmoni(!, as hysteresis 
always produces a certain distor- 
tion in the wave form. Wo may 
as a I’ule ignore the liiglmr harmon- 
ics, as tliey are practically ntigiigiblo 
in comitnrison with the load our- 
renl-s. This may he illustrated as 
follows: If Ii ri!j)reHents the whole 
j)rimary cuiTont, with comiKments 
A\ of fundamental frecpiency and A-a of three times as 
great frepiKmcy, and if higher terms are iiegligihUt, we liavo 



from which it will h(» s(fen, for example, tliat if /l;p-:0.1/li, 
W(( shall have' ly ■■■• I.OOri vl j. 

To provid(' iiower for hysteresis and (uldy currents, 
the exciting current must he ahead of the Ilux in phase. 
In Fig. 21 we repniwnit the anipeiMi-turns of the exciting 
current by tlie line Om. The line Of) is (ajunl and ojjjHi.site 
to ()('•>’, and OlJy, the ntsultant of 01) and Om, rejrresonts 
the total primary ampere-turns. Put in another way, wo 
may say that Om is the resultant of OCi and 00^, 
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EFFECT OF THE FLUX LEAKAGE 


§ 05. Ill case some of the linca of force linking with the 
primary coil do not link with the Hocoudary coil, but 
pass outside the core, we have a con- 
dition of affairs practically equivalent 
to considering the iisoful Ilux as link- 
ing with both coils, and the leakage 
Ihvx linking with a choke coil in series 
in the primary circuit and having a 
number of turns equal to those of 
tlio primary. The choke coil is sup- 
posed to have no resistance. The 
liotential drop in tho choke coi| will 
lead tho ohmic drop in tho prim.ary 
by DO". The ilux, Avhich links witli 
a iiortion only of the turns in either 
coil, is ci(|uivalent to a smaller amount 
linking with all and having tho same 
total amount of llux-turns. 

In Fig. 22, Bill, which loads OCi 
(primary ainpere-turns) by DO", ropro- 
sonts tho primary volts-por-turii con- 
sumed by ilux leakage. AiBi is tho 
ohmic drop per primary turn. OH is tho total applied o.in.f . 

per primary turn. 



TRANSFORMER EQUATIONS 

& (id. Tho relations among tho quantities represented 
liY Fig. 22 may bo expro.sHod in tho form of equations. 
Let US assume that tho external portion of the scconcary 
circuit has an impedance n-l-jx-z', and let us assume that 
the Ilux linking with tho primary circuit, but not with tho 
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scuiondary, in t//, witii iiiaxiniiini vivlun </>'. Tlio oxciling 
ciiirront is m, '.I'Ik) oUuir hjmuIh>1h liiivo Uio hiiiiks 
iciHicc lus btifim!. Wo tlion liavo foi' Uio nivolviiig voctora, 

■\ m) ^ = I'h., 

o,yV.^/).=../\/li(Ab.|7:./ib), 


{<IK, \ ([>') -l.vj/, /»!| . 

TRANSFORMER DIAGRAMS, LEADING CURRENT 

§ (i7. If Uio Hoooiidary oiin-oid, loadn ita oioot-rmuoUvo 
foroo, llui ju’ojior pliaao volaUiiim aro (o ho l.akoti into 
ooiiHidoraUiHi in niakitif'; tlio dia- 
j;min. 

Fig. UU illiiMi.ral.o.s tlio ca.so of a 
loadiiifi; noooiidiii'y oui'roid,. ()(!.^ 
roprosoiils Uio Hooiindary ainporo- 
laii'tiH, 011,1 Uio iomiiuid Hoooudaiy 
vol(.s-por-|.iiru, U('t Uio priiimiy 
ninporo-liiii'tm, and Oil Uio jiilinaiy 
toriiiiiial voll-H-poi'-Mirn. Tho oliniic 
(Imp, V()ll;a-por-Uim, in mproNonfod 
l>y in Uio Hoooiidiuy, and 

liy in tho pniiiiny. Tho 

iuduoUvo drop in Uio priniaiy, 
volta-iHir-tura, ia roproHontod by 
Jiill. UooauHo of tho pliiiMo rolu" 
lioiiH, tho imhiotivo drop in Fig. 
Fio. li!), Ith in nob a drop afc all, bub 1‘athor 

a riao; for Uio toriniiod voltH-|)or- 
tiirii on aro actually loa.H than tho amount OOi, which 
would havo boon rotiuirod for tlio Haiiio conditioiia of tho 
Hoomulaiy with no iiuigiiotio loakago. 
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DIFFICULTY FOUND IN EXPONENTIAL EXPRESSION 

§ (IS. To oxproas tlio nifignitudes represented in the 
previcnw eqiuitions and diagrams in terms of exponentials, 
the phase relations must all ho determined. If, for example, 
it is (hisired to express the .secondary ciuTont in terms of 
th(i primary electromotive force and tire constants of the 
circuit, wo shall find the exi)ouontial expression to ho very 
complicate.d. On tire whole it is bettor in a numci'ioal 
prohhmi to proceed through the series of equations given 
in § ()(), using numerical values. Practically it is difficult 
to determine the hnikago flux and the magnetizing current, 
'■.ria^ reason is because the permeahilit)’' of the core is not 
constant, and the hsnkago flux, therefore, is higher at larger 
loads. The dilficultios are, however, not insuperable. 


CONCLUSION 

§ (If). It is Ireyond the scope of this small book to con- 
sidcu’ all the altmaiating current problems to which the 
method of revolving versters may bo applied. If the reader 
has Ihicoiuo well enough ac(|uaintcd with the method 
to feel confidence in applying it when occasion arises, 
the author’s purpo.so in writing on the subject has been 
accomplisliod. 
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Accolc^raUon m inol.ion * It) 

ill uiiifortn circular motion IS 

Apcriiulic (lischara*' condoiiHor iVI, ftt) 

Ai’|i;uihI ^ 

ha In need circuitH . . . . 45 ci acq. 

hin’iHUilli 
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" " mlililicm of iiii, 211 

" diviHioii (d *i^ ^ 

<' '' multiplication of iii, S, 42 
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(!ompoiiiul Imrinouic (uirnnit, oan.f. and power 
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Eceontrio uniform circular motion 

Elcctrojiiotivo force, coniijouiid harmonic}. . , 

** simple hiinnunic 
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